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Chapter  I:  Preliminary  Discussion 

Let  <fl,F,P)  be  a  probability  measure  space  on  which  Is  defined 
a  family  of  real  valued  random  variables  (r.v.'s)  (,X(t);  teT}  where 
T  Is  a  subset  of  the  real  line.  We  will  always  assume  E(|X(t)j)  <  oo 
for  every  teT.  Let  lF(t);  teT)  be  a  family  of  sub  c-flelds  of  F 
with  F(s)C  F( t)  for  every  s,  teT  with  s  <  t.  The  family  of  r.v.'s 
lX(t) i  teT)  Is  said  to  be  well  adapted  to  the  family  of  sub  o-flelds 
lF(t);  teT)  if  X(t)  Is  F ( t)  measurable  for  every  teT,  and  we  will 
then  write  (X( t) ,  F(t);  teT)  to  indicate  this  relation.  The  family 
tf(t),  F(t);  teT)  will  be  referred  to  as  a  stochastic  process. 

After  specifying  a  particular  process  (X(t),  F(t);  teT)  we  will 
often  refer  to  it  as  the  "X-process, "  in  order  to  simplify  writing. 

In  many  cases  F(t)  is  the  minimal  c-field  with  respect  to  (w-r.t.) 
which  the  family  of  r.v.’s  IX(s) ;  seT,  s  <  t)  is  measurable.  We 
will  denote  such  o-fields  by^$(X(s);  seT,  s  <  t) . 

A  process  (X(t),  F(t);  teT)  is  called  a  martingale  process  if 
for  every  s,  teT  with  s  <  t,  E(X(t)|F(s))  -  X(s)  with  probability 
one  (a.s.,  a.e.),  and  is  called  a  semi-martingale  (super-martingale) 
process  if  E(X(t)}F(s))  >  X(s)  as.  (E(X(t) |F(s))  <  X(s)  a.s.). 

This  can  be  restated  as  follows:  Let 

t(A)  ■  /  X(t,(o)dP(u>)  for  AeF(s) 

S,t 

Then  by  the  Radon-Nlkodym  theorem,  there  exists  an  F(s)  measurable 
function  which  we  denote  by  E(X(t)|F(s))  such  that 
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(A)  •  [ X(t,tu)dP(o>)  -  f  E(X(t)  |F(s))  (u>)dP(u>)  for  AsF(s) 
JA 


Furthermore  E(X(t)jF(s))  is  unique  except  on  an  F(s)  set  of  measure 
zero- 


The  process  (.X(t),  F ( t) ;  teT)  is  then  a  martingale  if  for  every 
s,tcT  with  s  <  t, 

/  X(s,u>)dP(o>)  ■  /  X(t,o>)dP(u>)  for  AcF(s) 

<■»  A  JA 


Correspondingly  we  can  say  the  process  is  a  semi -martingale  if  for 
every  s,tcT  with  s  <  t, 


/  X(s,®)dP(a>)  <  f  X(t,o>)dP(o>) 
“  J a 


for  every  AcF(s) 


end  the  process  is  e  super -martingale  if  for  every  s,  tcT  with  s  <  t. 


/  X(s>«)dP(a»)  >  f  X(t,®)dP(«o) 
~  Ja 


for  every  A«F(s) 


We  will  assume  from  now  on  T  is  a  closed  interval,  and  hence 
it  is  no  further  restriction  to  assume  T  is  the  closed  unit  interval 
[0,1].  This  will  be  assumed  throughout  the  thesis. 

We  can  think  of  a  process  (X(t),  F(t);  tcT)  as  a  function  X 
of  two  variables  defined  on  the  space  TXQ-  For  each  fixed  tcT, 

•  r.v.  defined  on  (0,F,P,)  and  is  measurable  w-r-t.  F(t), 
and  for  each  fixed  uxfl,  X(*,o>)  is  a  real  valued  function  with  domain 
T.  A  sample  function  of  the  process  is  simply  a  member  of  the  family 
(X(’,u>);  wed]  of  real  valued  functions  with  domain  T.  We  will  be 
Interested  in  analytic  properties  of  the  sample  functions.  However, 
in  order  to  make  probability  statements  about  analytic  properties 
of  the  sample  functions,  we  must  have  separability  of  the  process 
w-r.t-  the  cless  cA  of  (finite  or  infinite)  closed  intervals-  The 
process  is  said  to  be  separable  relative  to  if  there  is  a 
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denumerable  subset  Tq  of  T  and  a  set  AcF  with  P(A)  ■  0  such  that  if 
Ac  >  and  I  is  an  open  interval,  then 

[X(t,o>)eA;  telAT]  0  [X(s,u>)cA;  tel HTq]  C  A 

where  [X(t,<u)cA;  tclflT]  -  (u>|  X(t,u>)cA;  tclflT).  In  general  we 
will  let  [•••]  denote  the  set  of  all  cocil  such  that  "•  •  • "  is  true- 

Separability  w.r.t.  implies  that  if  I  is  any  open  interval, 

then 

sup  X(t,<u),  inf  X(t,u>)  and  Tim  X(s,us),  llm  X(s,u>) 
tclflT  tclflT  s->t  s->t 

a re  all  r.v's. 

We  remark  here  that  any  process  (.X(t),  F(t) ;  tcTj  which  is 
a.s.  sample  continuous  is  separable  w.r.t.  ($■  .  By  a.s.  sample 
continuity  we  mean  there  exists  a  set  AcF  with  P(A)  ■  0  such  that 
if  w  t  A,  then 

lim  X(s,u>)  m  X(t,u>)  for  every  tcT. 
s->t 

Further,  if  TQ  is  a  denumerable  dense  subset  of  T,  then  it  is  a 
separating  set. 

We  proceed  now  to  the  definition  of  a  qua si -martingale  process. 
Definition  l.t.l 

The  process  (X(t),  F ( t) ;  tcT)  will  be  called  a  quasi-martingale 
process  If  there  exists  a  martingale  process  (.Xj(t),  F(t);  tcTj  and 
a  process  lX2(t),  F ( t)  ;  tcT)  with  a-e.  sample  function  of  bounded 
variation  on  T  such  that 

P(lX(t)  -  X,(t)>X2(t);  tcT])  -  I 

When  we  say  the  process  (X2(t),  F(t);  tcT}  has  a.e.  sample 
function  of  bounded  variation  on  T  we  mean  that  except  for  wdi, 
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with  P(A)  ■  0,  X2(’,cd)  Is  a  real  valued  function  of  bounded  variation 
over  T. 

From  now  on  we  will  always  write  [X] j  or  simply  X^  for  the 
martingale,  and  [X]2  or  simply  X2  for  the  process  of  bounded  varia¬ 
tion  in  the  decomposition  of  the  quasi -martingale  X-  It  is  hoped 
that  this  will  not  be  confused  with  the  bracket  notation  used  to 
indicate  subsets  of  SI. 

We  now  give  some  simple  examples  of  such  processes. 

Let  (Z(t),  F(t);  teTJ  be  the  Brownian  motion  process  with 
T  ■  [0,1];  i.e.,  the  process  has  independent,  normally  distributed 
Increments  with  E(Z(t)-Z(s))  -  0  and  E(|Z(t)-Z(s) |2)  ■  o2|t-s| 
where  a  >  0  is  fixed  and  s,tcT-  We  assume  Z(0)«  0  a.s.  so  that  the 
process  is  a  martingale  process.  We  further  assume 
F (t)  S€T>  s  <  t).  Let  X(t)  »  exp[Z(t) v]  for  every  tcT, 

where  v  is  an  arbitrary  positive  real  number.  If  u  >  0  and  t  ♦  u  <  1, 

E(X(t*u)|F(t)>  -  E(axp[Z(t+u) v] |F(t)) 

-  E(exp[ (Z(t)  ♦  Z(t+u)  -  Z(t))v]|F(t)) 

-  exp[Z(t) v]  E(exp[(Z(t+u)  -  Z(t))v]) 

»  X(t)  exp[o2v2u/2  ] 

If  we  let 

x2(t)  - 

0 

then  the  process  (X2(t),  F(t) ;  teT)  has  a-e.  sample  function  of 
bounded  variation  on  T.  That  X2(t)  is  defined  follows  from  the  fact 
that  the  Brownian  motion  process  is  a.s.  sample  continuous.  We  show 
the  process  (X|(t)  •  X(t)  -  X2(t),  F(t) ;  teT)  is  a  martingale. 

Again  assume  u  >  0  and  t  +  u<l,  then 


t  2  z 

Sji—  X(s)dS  for  every  tcT, 
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E(X](t+u)|F(t))  -  E(X(t+u)  -  X2(t+u)|F(t)) 
■  X(t)  exp[q2v2u/2]  -  E(X2(t+u) |F(t)) 

Now 


-  X, 


-  X, 


E(X2(t+u)|F(t»  -  E(  jf  S_v_exp[2(s)v]ds|F(t)) 

t<‘>  * / 

J0 

i(t>  *J 


“  2  2 
a  v 


2  2 
q  v 


E(exp[Z(t+s)v] |F(t))ds 


exp[Z(t)v]  cxp[o2v2s/2]ds 


2  2 


X2(t)  +  X(t) (exp[q  v  u/2] -1 ) 


2  2 


Th«n  E(Xj (t+u) ( F( t) )  -  X(t)  exp[q  v  u/2]-  X2(t) 

-X(t) (exp[o2v2u/2] -1) 

-  X(t)  -  X2(t)  -  X,(t)  as. 


Hence  the  X-  process  is  a  quasi -martingale.  That 
2  2 


E(  J  2-5-exp[Z(t+s)v]ds|F(t)) 


•1 


u  2  2 
q  v 


E(exp[Z(t+s)v] | F( t) ) ds 


follows  from  the  existence  in  this  case  of  a  conditional  probability 
and  we  are  thus  only  changing  the  order  of  integration  which  is 
permissible  here.  (One  can  also  prove  it  directly  by  observing  the 
Rlemann-Stleltjes  sums  and  noting  these  sums  form  a  uniformly 
lntegrable  sequence.) 

In  this  example  we  have  really  just  considered  a  continuous, 
convex  function  of  a  martingale  process,  exp[Z(t)v],  and  hence  we 
have  a  semi -mar tin gale  process.  The  following  will  give  a  simple 


b. 


class  of  examples  where  the  quasi-martingale  need  not  be  a  semi- 
martingale- 

Let  (X(t),  F(t);  teTJ  be  a  process  with  independent  increments 
where  F(t)  -  “J&  (X(s) ;  scT,  s  <  t)  -  Let  E(X(t))  -  m(t) .  If  s  <  t, 
then  assuming  m(0)  -  0, 

E (X ( t) J F ( s) )  -  X(s)  +  m(t)  -  m(s) 

Define  X2(t)  ■  m(t)  as.  and  Xj(t)  -  X(t)  -  X2(t)  for  every  teT- 

Then  tX|(t),  F(t);  teT}  is  a  martingale  process  and  therefore  the 
process  (X(t),  F ( t) ;  teT)  will  be  a  quasi-martingale  process  when 
m(t)  is  of  bounded  variation  on  T- 

We  will  now  mention  some  work  which  has  been  done  by  P-  Meyer  (3) 
on  the  decomposition  of  a  continuous  parameter  super-martingale 
[X(t),  F(t);  te[0,oo])  into  the  difference  of  a  martingale  process 
(X, (t),  F(t);  te[0,oo])  and  a  process  (X2(t),  F(t) ;  u[0,a>]  which  has 
a-e-  sample  function  monotone  non-decreasing.  The  results  obtained 
by  Meyer  are  the  following:  Let  (X(t),  F(t) ;  tc[0,ao]}  be  a  uniformly 
integrable,  right  continuous  super-martingale.  Then  the  process  has 
the  stated  decomposition  if  and  only  if  it  is  of  class  D  on  [0,oo], 
i-e-,  if  and  only  if  the  family  of  r.v.  's  (.X^;  where  is 

the  class  of  all  stopping  times  for  the  process,  is  uniformly 
Integrable- 

It  has  been  shown  by  Johnson  and  Helms  (4)  that  there  exist 
uniformly  lntegrable,  right  continuous  super-martingales 
(X(t),  F(t);  tc [O, oo ] )  which  are  not  of  class  D-  They  have  further 
shown  that  if  in  addition  the  super-martingale  is  a-s-  sample 
continuous  then  it  has  the  stated  decomposition  if  and  only  if 
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lim  rP([  sup  |X(t,u>)|  >  r])  ■  0 
r— >oo  0  <  t  <  oo 

The  problem  of  decomposing  a  process  (X(t),  F ( t) ;  teT)  Into 
the  sum  of  a  martingale  process  and  a  process  having  a-e.  sample 
function  of  bounded  variation  on  T  parallels  the  above  described 
decomposition  of  a  super-martingale-  For  if  we  assume 
(X(t),  F(t);  te [0,oo ] )  Is  a  uniformly  integrable  super-martingale, 
we  may  as  well  assume  we  have  the  super-martingale 
(X(t),  F(t);  te[0, I]).  Then  If  we  have  the  above  decomposition,  the 
process  having  monotone  non-decreasing  sample  functions  has  a<e< 
sample  function  of  bounded  variation  on  [0,1]. 

We  will  obtain  necessary  and  sufficient  conditions  for  a  process 
lX(t),  F(t);  teT)  to  have  the  decomposition 

»*([X(t)  -  X,(t)  +  X2(t);  teT))  -  I 

where  (X|(t),  F(t);  teT)  Is  an  a.s.  sample  continuous  martingale  and 
the  process  ^(t),  F(t);  teT}  has  a-e>  sample  function  of  bounded 
variation  on  T,  and  further  If  V(<o)  denotes  the  total  variation  of 
X2(',o>)  over  T,  E(V(u>))  <  oo 


Chapter  II 


Section  I :  Random  stopping 

Let  (X(t),  F ( t) ;  teT)  be  a  stochastic  process  defined  on  the 
probability  space  (ll,F,P).  We  will  be  Interested  In  obtaining  a 
sequence  of  processes  (Xy(t),  F(t) ;  teT),  v  -  1,2,...,  where  each 
process  in  the  sequence  has  some  specified  property,  such  that 

P([Xy(t)  4  X(t)  for  some  teT])  - >0 

as  v  — >  as  . 

For  example,  we  may  want  to  define  a  sequence  of  processes 
C Xv ( t) ,  F(t);  teT)  v  ■  1,2,...  such  that 

sup  |X  (t,u>)|  <  co  for  every  v  »  1,2, . . . 

and 

P([Xy(t)  4  X(t)  for  some  teT])  — i »  0 
as  v  — >  cd  . 

Such  sequences  are  usually  obtained  by  a  random  stopping  of  the 
process  (X(t),  F ( t) ;  teT).  Therefore,  we  wi 1 1  consider  briefly  random 
stopping  of  a  process  (2,  Loeve,  pp.  530-535)- 

Let  (X(t),  F(t);  teT)  be  a  process  defined  on  the  probability 
space  (ft,F,P)  and  let  t(w)  be  a  r.v.  defined  on  (fl,F,P)  with  range  T. 
If  for  each  teT,  [t(u>)  <  t]eF(t)  (and  hence  [t(o>)  <  t,€F(t)),  the 
r.v.  t(u>)  Is  called  a  stopping  time  of  the  X-process.  If  the 
X-process  is  a.s.  sample  right  or  left  continuous  then  we  can  define 
a  new  process  (X^t),  F ( t) ;  teT)  by  randomly  stopping  the  X-process 
according  to  the  stopping  time  t(u>)-  More  precisely,  If  the 
X-process  Is  a-s.  sample  right  continuous,  define 
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X  (t,o>)  -  X(t,u>)  t  <  T(u>) 

T 

■  X(t(w),o))  t  >  7(01) 

and  then  using  right  continuity  of  the  process  and  the  fact  that 
[ t(u>)  <  t]€F(t)  it  can  be  shown  X^(t)  is  F(t)  measurable  for  every 
teT. 

Actually,  if  one  only  requires  [tM  <  t]eF(t),  and  defines 
XT(t,oi)  -  X(t,u>)  t  <  t(oj) 

■  X ( r (u>)  ,tu)  t  >  T(u>) 

then  X^(t)  will  be  F(t)  measurable  if  the  X-process  is  either  a.s. 
sample  right  or  left  continuous. 

The  following  is  a  standard  theorem  which  we  state  here  since 
it  will  be  used  extensively  (2,  Loeve,  p.  533)' 

Theorem  2.1.1 

If  (X(t),  F ( t) ;  teTJ  is  an  a.s.  sample  right  continuous  semi- 
martingale,  (martingale)  and  if  T  is  a  stopping  time  of  the  process, 
then  the  stopped  process  (X^(t),  F(t) ;  teT)  is  also  a  semi¬ 
martingale  (martingale). 

The  next  two  theorems  will  also  be  used  extensively  in  later 
work  so  we  will  prove  them  in  some  detail. 

Theorem  2.1.2 

Let  (X(t),  F(t) ;  teT)  be  an  a.s.  sample  continuous  process. 

There  exists  a  sequence  of  processes  (Xy(t),  F(t);  teT),  v»0,l,2,..., 
each  process  in  the  sequence  being  a.s.  sample  equi -continuous, 

P((Xy(t)  4  X(t)  for  some  teT])  <  2*v 


such  that 
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Proof: 

By  a  process  being  a.$.  sample  equi-continuous  we  mean  the 
following:  There  exists  a  set  A  with  P(A)  ■  0,  such  that  if  e  >  0 
is  given,  there  exists  a  5  >  0  such  that 

|X(t,u»)  -  X(s,u>)|  <  e  when  |t-s|  <  6 


for  every  tu^A.  (That  A  does  not  depend  on  tcT  follows  from  the 
fact  that  T  ■  [0, 1} ■) 

We  now  prove  the  theorem. 

Let  (e^;  n  >  0)  be  a  sequence  of  real  numbers  with 

€„>  € > >  ...>€>.••>  0  and  llm  e  ■  0.  For  each  n  >  0,  let 
0  1  n  n  n  -  ' 

(5ny,  v  >  0}  be  a  sequence  of  real  numbers  with 

5  ->  6  .>...>  6  >...>0  and  lim  5  ■  0.  The  e  's  are  arbitrary 
nO  nl  nv  v  nv  n 

and  the  6  . 's  are  to  be  chosen  as  follows:  Because  of  the  a.s. 
nv 

sample  continuity  of  the  X-process,  for  each  en,  n-0, I,...  we  can 

find  a  5  >0  such  that 

nv 

P([  sup  |X(t,u>)  -  X(s,u>)  |  >  «  1)  <  2"*n+v) 


for  each  v  ■  0,1,.... 

Let  t  (u>)  be  the  first  t  such  that 
nv 

sup  |X(s,u>)  -  X(s',u>)  |  >  c 

i*-'i^nv 

s,s'  <  t 


Zf  no  such  t  exists  we  define  y (<ju)  ■  I.  Then  for  each  n,v»0, l,... 
0  <  Tnv(«>)  <  I  a.s.  Tny(u>)  Is  a  stopping  time  of  the  process  for 

every  n,v»0, I,...  since  for  any  tc(0, lj 

lTnvM  >  tl  •  l  sup^  |X(s',<u)  -  X(s,<u)  |  <  c 

s,s'  <  t 


Define, 


1 1  ■ 


T  (to)  -  inf  r  (o>),  v  -  0,1, - 

v  n  nv 

Then  for  each  v  ■  0, 1, . . .  0  <  Tv(to)  <  1  • 


Ty(u>)  will  be  a  stopping  time  for  the  process  if  [tv(u>)  <  t]eF(t) 
for  every  teT.  Actually  It  is  sufficient  to  require  that  the  set 
[Tv(to)  <  t]  differ  from  an  F(t)  set  by  a  set  of  measure  zero. 

(I,  Doob,  p.  3o5)  (As  was  mentioned,  we  could  require  only  that 
[ Ty (to)  <  t]eF(t)  for  every  teT,  which  is  obviously  the  case  since 

[tvm  <  t]  -  y  t t nv (oj)  <  tj.) 


If  te[0, 1),  then 

P((rnv(<u)  <  t  for  infinitely  many  n] ) 

-  P(  H  U  “  ,lm  (u>)  <  t]) 

n-0  tmn  mv  n->oo  m-n  nv 

OBI 

<  lim  )  P([Tmv(u>)  <  t])  <  Urn  < 

n->  00  <—l  n— >oo 


m»n 

oo 


n->oo 


m»n 


<  lim  )  P([  sup  |X(t,u>)  -X(s,o>)|  >e  ]) 

n->oo  f*  |  t-s  j  <  5  m 

n»n  1  ~  m  v 


<  lim 
—  n->  oo 


2-(n+v-l)_  0 


If  Av(t)  •  [ rn v (<*>)  <  t  for  infinitely  many  n] .  Then  for 
w{Ay(t),  Ty(«)  <  t  implies  Tnv(u>)  <  t  for  some  n.  We  have 
P(Ay(t))«  0  for  every  te[0, 1)  and  every  v  ■  0,1,....  Letting 
~Ay(t)  •  a  -Av(t),  we  have 

Itv(o>)  <  t]  -  [inf  t  (u>)  <  t) 
n 
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([inf  Tnv(u>)  <  tjO  ^Av(t))  U([inf  TnV»  <  tjn~Au(t)) 


oo 


{  U ,  t T,1V (“)  1  u  ([Inf  Tnv(u>)  <  t]  fi  Av(t)), 


n»l 


00 


so  [tv(u>)  <  t]  -  (U.  lTnv(a»)  <  t])  -  [inf  T|1l>)  <  tlOA  „(t) 


n*l  n 

^  A  (t) .  Hence  [T  («)  <  t]  differs  from  the  F(t)  set 


oo 


U.tTnvH  <  t]  by  a  set  of  measure  zero. 


n«l 


Define  Xy(t,u>)  ■  X(t,u>)  if  t  <  Ty(o>) 

-  X(ry («»),«))  if  t  >  tv(u>). 

Then  for  each  v  ■  0,1,...,  ( t)  is  F(t)  measurable  for  every  teT 

and  the  process  (Xy(t),  F(t);  teT}  is  a.s.  sample  equi-continuous. 
For  given  any  e  >  0,  if  en  <e,  then  for  a.e.  u>, 

|Xv(t,u>)  -  Xv(s,u>)|  <€  if  |t-s|<  6ny  . 

Also 

P(Uv(t)  4  x(t)  for  some  teT]) 

-  P([tv(u>)  <  I])  <  P( [inf  Tny(u>)  <  I]) 

n 

g> 

-  p(  U  Unl>>  <  1])  <  )  2'{n*v)  -  2'V  . 

niO  nv  ^ 

n»0 


The  theorem  is  now  proved. 


Theorem  2.1.3 

Let  (X(t),  F(t);  teT}  be  an  a.s.  sample  continuous  process.  There 
exists  a  sequence  of  a.s.  sample  continuous,  uniformly  bounded 
processes  lXy(t),  F(t);  teT),  v  -  0,1,...  such  that 
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P([Xy(v)  4  x(t)  for  some  teT])  — ■>  0 
as  v  — >  go  . 

If  in  addition  the  X-process  is  such  that 

lim  r  P([  sup  |X(t,us)|  >  r] )  ■  0 
i — >  oo  t 

then  E{|Xv(t)  -  X(t)|)  — >  0  as  v  — >  oo  for  every  tcT.  If  the 

X-process  is  uniformly  integrable, 

sup  E ( | X  ( t)  -  X(t)|)  — >  0  as  v  — >  od  . 
t 

Proof: 

Define  t  (®)  to  be  the  first  t  such  that  sup  |X(s,<o)|  >  v. 

V  s  <  t 

If  no  such  t  exists,  let  Ty(®)  -  I.  Then  clearly  -ry(u>)  defines  a 

stopping  time  for  the  process  for  every  v  ■  0,1,....  Since  the 

process  is  a.s.  sample  continuous  on  the  closed  interval  [0,1], 

e.e.  sample  function  has  an  absolute  maximum. 

Define  Xy(t,o>)  -  X(t,u>)  if  t  <  Ty(a») 

-  X(Ty (»),»)  if  t  >  Ty(«>)- 

Then  for  each  v  »  0,1,..,  the  process  (Xy(t),  F(t);  teT)  is  uniformly 
bounded  by  v  and  is  a.s.  sample  continuous.  We  have 

P([X  (t)  4  X(t)  for  some  tcTj )  -  P([t  («)  <  I])  <  P([sup|X(t,a>)>  v]) 

t 

— >  0  as  v  ->  oo  . 

Assume  now  that  lim  r  P([sup  |X(t,<u)|  >  r])  ■  0.  Then 
r->  oo  t 

E(|Xy(t)  -  X(t)})  - J  |Xy(t)  -  X(t)|dP  +  J  | Xv ( t)  -  X(t)|dP 

ItvH>  t]  [Ty(®)<t] 
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-  J  |Xy(t)  -  X ( t) |dP  <  J  |Xv(t)|dP+  J  |X(t) |dP 

[Tv(u>)<t  ]  [tv(o>)<  1  ]  [tv(oj)<  1  ] 

<  vP([tv(®)  <  I])  +  j  |X(t)|dP  • 

Itv(o))<1] 

The  conclusions  are  now  apparent. 

We  note  here  that  if  we  have  n  processes  tX^t),  F(t) ;  teTJ 
i  -  satisfying  the  conditions  of  Theorem  2.1.2  or  2.1.3, 

can  find  n  sequences  of  processes  iX^U),  F(t);  teT)  having  the 
specified  properties  and  such  tnat 

P([Xlv(t)  4  X,  (t)  for  some  i  <  i  <  n  or  teT])  — >  0  as 


we 


v  — >  oo  . 


Section  2:  Decomposition  theorem- 

Let  (X(t),  F(t);  teT)  be  any  real  valued  process  with 
E ( j X( t) | )  <  co  for  every  teT- 

(2-2-1)  Let  lTTn>  n  >  1}  be  a  sequence  of  partitions  of  T-  We 

denote  the  points  of  TT  as  fol lows: 

n 

0  -  t  .  <  t  ,<-..<t  «  1  - 

n,0  n, 1  n, N  +1 

n 


Assume  |(TTn||  -  max  |t  t  |  — >  0  as  n  — > 

0  <  j  <  N  n,J  ,J 


oo  and  let 


IT  c-TT  c  ...=TT<=.  .... 

I  2  n 

If  m  >  n,  TT  —  TT  and  we  wll I  let 
n  m 

TT™,j  mfTn,^K,y  50  th,t 

The  points  of  IT  •  for  j  »  0, ...,N  will  be  denoted  as  follows 
nm,j  n 

n,j  nmj,0  nmj,l  nmj^k^  +  l  n,j  +  l 

We  will  always  separate  with  a  comma  the  variable  subscript  which 
denotes  an  arbitrary  point  of  the  partition  and  the  subscripts 
indicating  to  which  particular  partition  we  are  referrrlng-  The 
variable  subscripts  will  be  written  last. 

If  ^  iS  a  partition  of  a  closed  interval  [a,p]  C  T  with  points 
a  ■  aQ  <  <  ...  <  a^j  ■  we  wil  1  let 

-  x(a1+J)  -  X^)  0  <  i  <  v  . 


Then, for  example, 


lo. 


A  , (X)  -  X(t  .  ,^t)  -  X(t  .  . )  0  <  k  <  k  . 

nmj,k  nmj,k+r  nmjjk7  —  —  nmj 

we  will  also  write  for  F(a^)  and  we  let 

Ct(X)  -  EtAj (X)  j )  0  <  1  <  v  . 

Then,  for  example 

C  . (X)  -  E(A  . (X) |F  .)  0  <  j  <  N 

n,j  n,  j  '  n,j '  -  J  -  n 

nmj ,  k  nmj ,  k  1  nmj ,  k  —  —  nmj 

v 

We  will  often  write  ^  (X)  for  ^  (X) -  Then,  for  example,  we 

TT  1-0 

can  write 

^nmj 

L  C«,1(X>  -  i  L  W(X)  -  L  i  Cnmj,k<X>- 

TTn  7Tnm j 


i»0  k  »0 


We  will  also  use  the  following  notation  throughout. 

For  each  teT,  let  7Tn(0  “  77*  HlO^t].  For  each  s,teT  with 
s  <  t,  we  write 

Tf  ( s,t)  -  777(1)  -  77  (s)Ui’.  argest  element  In  77  ($)) 


so  that 


77 At)  -77  (s)U  77  (s,t). 


Then,  for  example,  If  0  ■  a^  <  a(  <  ...<  av+l*  ' 
v 

L  L  Cn,j ,X)  ■  L  C„,j(X)  for  •ver>  n  ■  '-2 . 

i.o  rrn(.,,»wl)  rr„ 


We  define  IX  (t),  F  (t);  teT),  n  -  1,2,...  as  follows: 
n  n 

X  (t)  -  X(t  .)  If  t  .  <  t  <  t  0  <  j  <  N  +1 

n'  '  '  n, j  n,j  -  n,j+.  -  J  -  n 


(2.2.2) 


F  (t)  -  F(t  .)  If  t  <t<t  ...  0  <  j  <  N  +1  ■ 

n  n,j  n,.i  -  n,j+l  — J  —  n 
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We  also  define  (X2r)(t),  pn(0;  t  I),  n  ■  1,2,...  as  follows: 
X2n(t)  -  ^  cn  j (X)  for  every  teT. 

rrn(t)  * 


(2.2.3) 


F„(t)  "  F<1„ 
n  n . 


■  >  lf  t. 


.  < 
>}  ~ 


t  <  t 


nj  +  l 


0  <  j  <  Nn+ 


1, 


or  what  is  the  same 
k-J 

X,  (t)  -  )  C  .  (X)  if  t  .  <  t  <  t  .  . .  0  <  k  <  N  +  1  • 

2n'  Ut  n,j  n,k  -  n,  k+l  -  —  n 

j-0 

(2.2.4) 

If  we  let  X,n(t)  •  Xn(t)  -  X2n(t)  for  every  teT,  the  process 
(XJn(t),  Ffl(t);  teT)  is  a  martingale.  Clearly,  the  process 

(X2n(t),  ( t) ;  teT)  has  a-e.  sample  function  of  bounded  variation 

on  T  since  a. a.  sample  function  takes  on  only  a  finite  number  of 
distinct  values.  Then  each  process  (X^t),  ( t) ;  tcT)  is  a  quasi¬ 

martingale - 

If  we  assume  the  X-process  is  continuous  in  the  mean,  then  it 
is  the  limit  in  the  mean  of  a  sequence  of  quasl-mertlngeles, 

(Xn(t),  Fn(t);  teT),  n  >  I.  Further,  if  for  each  teT,  the  sequence 

(X2n(t);  n  >  1)  converges  in  the  mean  to  a  r.v.  X2(t),  then  the  process 

IX, (t)  »  X ( t)  -  X2 ( t) ,  F( t) ;  teT)  is  a  martingale.  For  any  teT,  let 

k  (t)  denote  the  last  k  such  that  t  .  <  t. 
n  n,  k  — 

Let  s, teT,  s  <  t,  end  let  AeF(s).  Then 

/  X. (t)dP  ■  /  X(t)dP  -  /  X-(t)dP 

'■'A  JA  JA  * 
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-  /  X ( t) dP  -  11m  /  (  )  C  .  (X) )dP  +  /(  )  C  .(X))dP 

JA  n->  oo  ‘■'A  “ '  n,J  -'A  *“J  n'J 

^n(s)  7Tn(  s,t) 

-  !  X ( t) dP  -  /  X  (s)dP  -  11m  /  (  >  C  . (X))dP. 

"A  ^A  2  n->  oo-'A  ^  n,J 

T7T,  (s,  t) 

J<  2,  Cn,j<X»"*  j.E<L  («)|F(,))dP 

7T„(».t)  A  7T„(*,t) 


mJ  MWir  *  J  lCL  c„,j(,)lF( 

JA  «'  JA  >k  (s)*,  "'J 


s))dP 


/a  t».‘„WW*  *  /A  (X(tn,k„(t)>  -  X(tn,  *„<.)♦.  »dP 


and  hence 


11*  I  ()  Cn,(X))dP-  /  X(t)dP  -  /  X(s)dP 

n_>0°  A7Tn(*,t)  A  A 

#inC*  ‘n,k  (t)  t  1  '  Vkts)*!  ^  5  and  *n,k  (•)+!“  ‘n,  k  (*)’ 


as  n  — 2>  oo . 


So  we  have 


/  X. (t)dP  ■  /  X(t)dP  -  /  X_(s)dP  -  /  X(t)dP  +  /  X(s)dP 

JA  JA  JA  JA  JA 

-  J  xi(5,dP  • 


This  however  still  tells  us  nothing  about  the  process 
^(t),  F(t);  t«TJ  even  when  it  exists.  We  now  look  for  sufficient 
conditions  for  the  Xj-process,  when  it  exists,  to  have  a.e.  sample 
function  of  bounded  variation  on  T. 


ly. 


The  following  lemma,  thougn  trivial.  Is  a  key  starting  point. 
Lemma  2.2.5 

If  ITT  ;  n  >  I }  is  defined  as  in  2.2.1,  then  for  any  process 
(X(t),  F(t);  teT) 

£(/l!  KJ*n) 

Is  monotone  non-decreasing  in  n. 

Proof: 

Let  m  >  n.  Then  7T  cTT  and  we  can  write 
n  1  m 

"1  1‘m <*>!)•  e(LZ.  lc,«j,k‘x>D 

^"m  ^"n  ^Timj 

■  E<1  E‘L  IW(X)I  lf„j» 

^"n  TT^mj 

2E<Z  lE(A  c™j,k<*»lF„j)l)-E‘Alc,.,j<x>l>- 

Tf  n  77"nmj  ^n 

We  make  the  following  observation: 

Let  (X(t),  F(t);  teT)  be  a  qua si -martingale  with  [X]|-  X)  end 
[X] 2  “  X2‘  ^  sample  function  of  the  X^  process  is  continuous, 

then 

V(u))  -  lim  )  |A  .  (X2)| 
n-> oo  L-t  n,J  1 

TTn 

is  the  total  variation  of  X2(-,u>)  over  T  for  a.e.  u>,  and  it  is  a 
random  variable.  Assume  E(V(o>))  <  oo,  then 

E<ZlCn,j(X>l>  -E(2Xj‘X2>l> 

^n  ^n 
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-  E(2j  lAn  -  E(wt®»  <  00  , 

rrn 

•  “ 1 

and  hence  lim  E(  )  |C  . (X)|)  <  oo  . 

4=-  n»J 


In  fact,  if  77  is  any  partition  of  T,  there  exists  &x,  independent 
of  77”,  such  that 


E( 


|C± (X) |)  <  Kx  <  oo  . 


In  view  of  this  and  Lemma  2.2.5  we  restrict  out  attention  to  those 
processes  satisfying  the  following  condition. 


(2.2.6) 

There  Is  a  sequence  of  partitions  (TTn>  n  >  I)  of  T,  as  defined 
in  2.2.1  such  that 

- 

I  im  E<llCn ,.(»!)£  *St  <  oo  . 

"  K  ' 

We  could  as  well  require  the  existence  of  a  constant  Kx  such  that 


Lemma  2.2.7 


Let  the  process  (X(t),  F ( t) ;  tcT)  satisfy  condition  2.2.6  and 
let  (X2n(t),  Fn(t);  t«T),  n  >  I,  be  defined  as  in  2.2.3*  If  the 

process  (X2(t),  F(t);  tcT)  is  such  that 

P([lim  X2n(t)  -  X2(t);  teTj)  -  I 
n 

then  the  X2*process  has  a.e.  sample  function  of  bounded  variation 
over  T.  Furthermore,  if  the  X2~proccss  is  a.s.  sample  continuous, 
the  total  variation  V(u>)  of  X2(',u>)  over  T  is  a  r.v.  and 
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■  (V(a>) )  <  Urn  E(^  |Cn  j(X)|)  <  Kx 
n— >  oo  __ 

•  1  n 


Proof: 


By  2.2.6,  Kx  >  lim  E(  >  |C  . (X) |) 

X  n->  oo  L=L  n'J 
”n 

>C(^»  )  lCn,j(X>l>«  so  that  if  we  let  K^(u>)  "  Um  ^  |Cn  .  (X)|, 

n-*>  on  J  n-> 00  — 


TTn 


TT n 


then  Kg(<o)  is  a.s.  finite  and  integrable. 


If  0  ■  <  . . .<  a^+]«  '  is  any  partition  of  T,  then 

k  k 


2JVx2>i  ■  2.1 

i-0  i-0 


lim 

n->  ao 


<2.  cn,j(x»i 

T^n(ai,ai+1) 


k 


<  lim 
~  n-i>  op 


L  i  ic.,jwi 

i-0  TTn<W,> 


Um  >  |C  ,(X)|  -  KJcd)  <  oo 
n^oo  t~±  n'j  X 

TTn 


for  a.e.  <o.  Since  the  partition  was  arbitrary, 

“l 

sup  ^  lAt(x2)  I  <  Kx^)  a  s- 

If  the  Xj-process  is  a.s.  sample  continuous,  V(u>)  is  a  r.v. 
dominated  by  Kg(u>)  and  hence  E(V(u>))  <  E(K^(<u))  <  <  ao.  (In  fact, 

V(<n)  will  be  measurable  if  a.e.  sample  function  has  at  most  jump 
discontinuities,  for  even  In  this  case 

V(«)  -  lim  >  (X2)  |  a.s.) 

n->  oo 

n 

By  our  previous  remarks  and  Lemma  2.2.7,  if  the  process 
(X(t),  F(t);  tcT}  is  continuous  in  the  mean,  satisfies  condition 
2.2.6  and  if  U2n(t),  %(0;  t«T),  n  >  I,  defined  as  in  2.2.3,  is 


such  that  there  exists  a  process  [X2(t),  F ( t) ;  teT)  with 

P([  11m  X/n(t)  -  X2(t);  teT])  -  1 
.1— >  co 

and  also 

E( |X2n(t)  -  X2(t)|)  — >  0  as  n  — >  ® 

for  every  teT,  the  X-process  will  be  a  quasi-martingale  with  [X]2»  X 
These  are  the  basic  conditions  we  wl 1 1  seek  to  satisfy  in  obtaining 
first  sufficient  conditions  for  a  process  (X(t),  F(t);  teT)  to  be 
a  quasi-martingale. 

We  will  need  tne  following  tneorem. 

Theorem  2 . 2 . o 

Let  CX(t) ,  F(t);  teT)  be  a  second  order  process.  Let  [u,0]  be 

a  closed  sub  interval  of  T  and  let  u  ■  aQ  <  a^  <. ..<  «n+j*  3  be  a 

partition  of  (y.,3).  Let  e  >  0  be  given.  If 

e  -  sup  *  [  max  |X(3,u>)  -  X(a  ,u>)|]  <  e 
u)  0<  k  <  n  k 

m  ~  —  n_ 

then  P([  max  |  ^  Ck(X)  I  -  €D  -  2j  Ck^  |2)^e"ea,p)2 

m  k^O  k-0 

where  sup1  denotes  the  essential  supremum.  (i*e.,  the  supremum  over 
w 

all  u><A,  where  P(A)  ■  0.) 

Proof : 

The  argument  is  the  following:  Assume  AeF,  |A|  >  e,  and  A  is 
F  measurable.  Assume  further  |E(B|F)|  <  5  <  €•  Then 

/  (A2+  2AB  +  B2)dP  -  f  (A2+2AE(B|F)  +  E(B2|F))dP 
JA  JA 

>  f (A2+2AE(B|F)  ♦  [E(B|F)]2)dP 
~  JA 


>  J  (A2+  B2-  2|A|B)dP  -  J  (|A|-6)2dP 
A  A 


>  (€-&)*  P(A)  . 


Now  we  let 
v 


■  [|  ^  Ck(X)  I  <  e  for  v  <m  and  j  ^  Ck(X)  |  >  e]  for  m  -  0, 
k-0  k-0 


Then  A  eP  ,  since  C.  (X)  is  measurable  w-r.t-  F  for  k  ■  0, . ...m. 
mm  k  m 

We  also  have  A  fi  A.  «  0  for  m  4  j,  and 
m  j  T 


n 

[  max  |^Ck(X)|>€]  -  U  A 

m  <  n  ,  A  m»0 

—  k-0 


Now 


c<l£ckw>l2)  -  i  J  l L  ck(x)  *  L  'k<x>l2dP 

k-0  rw»0  ^m  k-0  k-m+1 


m  n 

-n  •  — \ 

For  each  m  ■  0,1,..., n,  we  let  Am  ■  8m  "  Ck^X^  *nd 

k-0 


replacing  A  and  F  with  A  and  F  and  6  with  c  a,  the  above  argument 

mm  u,p 

gives  n,  h 

t(l 2JCk<,)|2*  2  1  J  ‘“Vs’2" 


k-0 


iwo  K 


(«-«u  6)2  P(t  "**  lZiCk(X)|  >€l) 

,p  m<n  .  _ 


-  k-0 


and  hence  the  theorem  is  true. 


Corollary  2.2.^: 

Let  (X(t),  F(t);  tcT)  be  a  second  order  process  which  is  a.s. 
sample  equi -continuous.  Let  ( 1T(1 »  n  >  I)  be  a  sequence  of  partitions 
of  T  as  defined  in  2.2.1.  Given  any  €  >  0,  there  exists  an  n(«)  such 
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that  If  n  >  n(e)  then  for  every  m  >  n, 

k 

P([  max  max  I  ^  Cnmj  i(X)l  - 

0  <  j  <  N  0<  k  <  k  n  J' 

— '  —  n  —  —  nmj  i-0 


€]) 


se<2jL  w(x)|2)/  <e-g: 

Hn  ^nmj 


where  e  -  sup1  max 


sup 


“  0  <  j  <  N  t  .<s,t  <  t  .  . . 
- J  -  n  n,j-  *  -  n,  j+1 


|X(t,to)  -  X(s,U>)|  <  € 


(sup*  denotes  supremum  over  the  set  of  equi -continuity) . 

<u 

Proof: 

Because  of  the  a.s.  uniform  sanple  equl-continulty  of  the 
X-process,  given  any  e  >  0  there  exists  £'(c)  such  that 

sup’  sup  |X(t,u>)  -  X(s,uj)|  <  e  . 

U)  |t-s|<&(€) 


Let  n(e)  be  such  that  \\TTn\\  <  &(«)  if  n  >  n(e).  Then 


c  ■  sup  max 
n  u> 


sup  I X ( t)  -  X(s)  |  <  6 

'nJ<  *>*<  V 


and  for  all  m  >  n,  sup’  max 


max 


u>  0<j<Nn  0<k,k’<  k 


nmj 


lX^nmj,k^  "X^tnmj>k1^ 


<  €  <  e. 
—  n 


Using  Theorem  2.2.8,  we  then  have  the  following: 

k 

P((  max  max  |)  C  .  (X)  |  >  «]) 

0<  j  <  N  0  <  k<  k  .  nmj'1 

—  J  —  n  -  -  nmj  i*0 

Nn  k 

<  >  P([  max  |  >  C  ±(X)  |  >€)) 

rl  0<  k<  k  .  V™-*'1 

j«0  —  —  nmj  i*0 
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"^"n  ^nmj 

We  will  need  the  following  theorem. 

Theorem  2.2.10 

Assume  (X^t);  teT),  n  ■  1,2,...  Is  a  sequence  of  processes  with 
the  following  properties: 

1)  There  Is  a  countable  dense  subset  TQ  of  T,  containing  the 

points  0  and  I,  such  that  P  11m  X  (t)  exists  for  each  teT. 

n— >  oo  n 

11)  Given  £ ,  tj  >  0,  there  exists  n(e,ti)  and  o(e,Tj)  such  that  If 
n  >  n(e,T)) 

P(t  sup  |X  (t)  -  X  (s)|>  e])  <  n. 

|t-s|<6(£,Tj)  " 

Then  there  exists  a  subsequence  of  processes  (X  (t);  teT) 

nk 

k  ■  1,2,...  and  a  process  (X(t) ;  teT)  such  that 

a)  P([Hm  Xn  (t)  -  X(t) ;  teT])  -  1 

k  "k 
and 

b)  The  X-process  Is  a-s.  sample  continuous. 

Proof: 

We  first  show  that  conditions  1)  and  11)  Imply 

llm  P([sup  | X  (t)  -  X  (t) |  >  e])  •  0  for  every  e  >  0. 
m,n->oo  t  l! 

Let  (Tyl  v  >  I)  be  a  sequence  of  partitions  of  T  with 
oo 

T.  C  T,C  ...  and  U  T  »  Tn.  Let  e,q  >  0  be  given.  First 
14  v-1  v  u 

choose  n.(e,T)),  o(e,rj)  such  that  P(l  sup  IX  (t) -X  (s)  |  >|  ]) 

’  |t-s|<o(e,n)  n  "  3 
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for  every  n  >  n |  (c,  tj)  .  This  can  be  done  by  condition  ii) .  Now 

choose  v  such  that  max  It  .  t  .|  <5(e,r|).  Next,  choose 

j  v  >  J  ^ 1  VjJ 

nv(e,n)  such  that 

P(t«.x  |*„(tVjj)  -xm(.v  j)|>  j  1)  <  n/3 

for  every  m  >  n  >  nv(e,Tj).  This  is  possible  because  there  are  only 

a  finite  number  of  points  in  T  and  for  each  t  .eT  .  P  lim  X  (t  .) 

V  v,j  V'  n_>00  nv  v,j 

exists-  Now  let  n(e,n)  ■  max  (.n ^  (e, tj) ,  nv(e,rj)}  and  consider 
P([sup  |Xn(t)  -  Xm(t)|  >  e]) 


P([max  sup 
j 


|X„(t)  -  X(t)|  >€]) 


<P([max  sup  | X  (t)  -  X  (t  .)|  >  e/3]) 

:  t  <  t  <  t  n  n  V'J 

J  V,j-  -  v,J-H 


♦  P([m.x  |Xn(tVjj)  -  X„(tv  j)|  >  </31) 

♦  P([max  sup  | X  (t  .)  -  X  (t)|  >  e/3])  <  n 

j  ,J 


Now  lim  P([sup  | X  (t)  -  X  (t)|  >  e])  «  0  for  every  e  >  0  implies 
n,m->  ao  t  "  m 

there  exists  a  subsequence  (X  (t);  teT),  k  >  1,  a  process 

nk 

(X(t);  teT)  end  a  set  A  with  P(A)  ■  0  such  that  if  <uftA  then 

lim  (sup  |Xn  (t)  -  X(t)|)  -  0- 
k— >ao  t  k 

Me  have  now  established  a). 

We  now  proceed  to  show  the  process  (X(t);  teT)  is  a-s-  sample 

continuous-  Let  x/(t)  ■  X  (t)  for  every  teT  and  k  ■  1,2,.... 
k  nk 
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For  every  n  ■  1,2,...,  by  condition  ii),  we  can  find  a  and 

a  o(n)  such  that  for  k  >  k 

-  n 

P(l  sup  |X*(t)  -  X* (s) |  >  n'1])  <  2’n  . 

| t— s |  <  o(n)  k  k 


*  # 

Let  X^(t)  ■  (t)  for  every  tcT;  n  ■  1,2,....  Let 

n 

A*  -  [  sup  |X*(t)  "  X*(s)  |  >  n"'] 

n  | t-s  |  <  6(n)  n 


If  B?  -  M  A*,  then  A*  -  Urn  A*  -  U  B*  and  P(A*)  -  0. 

K  n-k  n  n  1^1  K 

* 

If  then  for  every  n  >  k, 

sup  |X*(t)  -  X*(s)|  <  k*1. 

1 1 — s  j  <  b(k)  n 

Now  If  uitfAUA*,  and  if  e  >  0  is  given, 

sup  |X(t)  -  X(s) |  <  2  sup  |X*(t)  -  X(t) |  ♦  sup  |X*(t)  -  X*(s) | . 
|t-s|<6  t  |t-s)  <6 


First  choose  kQ(<o)  such  that  2  sup  |X.  (t)  -  X(t)|  <  e/2  for  every 

t  K 

k  >  k^ (u>) .  This  can  be  done  since  o4h-  Next  choose  kj  (o>)  such  that 
and  k^u))"'  <  e/2.  Then  if  k(o>)  -  max  (k0(u>),  k,(a>)}  and 

5  <  5(kj(u))),  we  have 

sup  |X(t)  -  X(s) |  <  e 
|t-s|  <  6 

Than  for  utfA  U  X*,  P(AU  A*)  -  0 


lint  sup  |X(t)  -  X(s)|  -  0  . 
b->  0  |  t-S  |  <  6 
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Theorem  2.2.11 

Let  (X(t),  F(t);  teT)  be  a  uniformly  bounded  a.s.  sample  equi- 

contlnuous  process  satisfying  condition  2.2.O.  Then  the  process  Is 

a  quasi-martingale  with  [X],  ■  X~  where  X-(t)  ■  P  lim  X2^(t)  ^or 

1  n->  oo 

every  teT,  and  the  processes  C  Xjp,  ( t ) ,  Fn(t);  t€T)  n  "  are 

as  defined  in  2.2.3.  Further,  the  X2-process  is  a.s.  sample 
continuous  and  if  V(u>)  denotes  the  variation  of  X2(*,u>)  over  T  then 
E(V(<u))  <  oo  . 

Proof: 

Because  of  Theorem  2.2.10,  Lemma  2.2.7,  and  our  previous  remarks 
we  need  to  show  the  following: 

i)  P  lim  x,  (t)  exists  for  each  te  \jffn  m 
n->  oo  n-l 

ii)  Given  €,  tj  >  0,  there  exists  n(e,t|)  and  6(€,q)  such  that 
if  n  >  n(c,q) 

*’<t,  ,  ,  1*2^)  -  «,„(•)  I  >  ‘  )  <  T, 

| t-s I  <&(e,Ti) 

and 

iii)  For  each  teT,  the  sequence  i.X2n(t) ;  n>  1)  is  uniformly 
lntegrable  in  n. 

2 

We  first  show  Iii)  is  satisfied  by  showing  E(|X2n(t)|  )  <  K<  oo 
for  every  n  >  I  and  teT.  We  have 

E<|X2„(t)|2)  -I<|£  '„,j(«|2) 

-£'L  lC„,j(X>|2*  2L  V<»» 

JTn{  0  TTn(  t)  k>j 
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-E<Z  lC„,j»|2)  *2e<£  Cn,j(«E<L  c„,kWIF„j» 
tt„<o  n„«>  k>J 

*E<L  |Cn>j(*)IK,j(»l)*2£(^  lCa,j<X>HX't„,j(t))-)"tn,j*l»l> 

TTnM  TTnC) 


where  j (t)  is  the  last  j  such  that  t  .  <  t. 


Then 


E(|X2n(t)|2)  <bMxE(2,  lcn,  j  <X)  l>  <  bMxK; 


where 


nn(t) 


M  -  sup|X(t,u>)|  and  K  >  lim  E(  )  |C  .  (X)  | ) . 

A  t,<u  *  n— >oo  ^  n'J 

TTn 


We  now  prove  1)  by  showing 

E(|x2n(t)  *  — >  0  as  n»m  — >  00  for  every  tcTT  . 

In  so  doing  we  will  pick  up  an  inequality  which  will  allow  us  to 
prove  11)  Immediately.  If  te TT  ,  then  there  exists  nt  such  that 
tc  TTn  for  every  n  >  n^.  We  assume  now  that  m  >  n  >  nt-  Then 

X2n«>-1  E<Z  Cnmj,k««lFnj> 

KM  Kmj 

end 

~y  ■ 

X2.<*>  *  1  L  Cnmj,k«X>  ■ 

KM  rr„j 

U(  Wx)  - 1  w(x)- 

IT rmj 

Then 

E‘lX2»(t»-  X2n<‘>|2>  ■  E<lL  <%-  E<**0<X)|f„j))|2) 

KM 


JO 


-  E 


TTA  t) 


<x>i2>-e<L  j)i2) 


rr„(t) 


7T„«) 


sE<Z  iv„«j<x)l2) 


E<ZZ  lW(x)|2) 


^*n  ^nmj 


2e‘Zl  wx>e<z,  ^nmj , 1  <x»lF™,j,k» 

^"nTTrtmj 


i>k 


-  -1 - l 

<  E(  max  max  |&  k(X)|)  )  |C  k(X) | ) 

-  0<j<f^  0<k<k__,  nmj'k  ^  ^  '  nmj,k 


n  —  —  nmj 


^nmj 


2E<0<r<X»  0<T<k  'X<,""j-Wl>lZZ  lCn»j,k(X>l> 

-  -  "  -  -  ™»j  TT„1Tmj 


If  €  ■  sup'  max  sup 

n  u>  0  <  j  <  N  t  .<  s,  t<  t  . 

-  ~  n  n,j-  -  n, j+1 


| X(t,to)  -  X(s,o>)|,  then 


sup1  max  max  |X(t  .  .)  -  X(t  .  .  ,)|  <  e 

«  0  <  j  <  N  0<  k,k'<  k  .  nmJ'k  nmJ'k  '  n 

—  —  n  -  -  nmj 

for  every  m  >  n.  Hence 

E<IX2»<‘>  -  ’W1*!2)  S  l  %,k<x)|2»  S  -»  0  as 

^nmj 

m  >  n  — >  oo  •  Hence  1)  Is  proved • 

To  prove  11),  assume  6  <  min  |t  .  t  .  |  and  then  for 

0<  j  <  N  ,J  n,J 
•  -  n 


every  m  >  n, 


<  P([  max 

0  <  j  <  N 
— J  -  n 


max 


0<  k<  k 


nmj 


lLw<x>l  >•» 

1-0 


Cn.j,k<X)|2>'(6-'n)2 

^”n  ^nmj 

<  3e  Kw/(e-e  )2  — >  0  as  n  — >  oo  . 
~  n  a  n 


Hence  if  e,rj  are  given,  we  can  choose  n(c,t|)  such  that  3€nKx/(e-tn) 
<  tj.  If  we  then  fix  n  >  n(e,Tj)  and  choose  <  || 7*T  1 1  >  then 

for  every  m  >  n, 

I  J*2n,(t>  -«»,(»)  I  >3«])<H- 

|t-S|  <  0(€,T)) 

Hence  condition  11)  is  satisfied  and  the  theorem  is  proved- 
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Section  3:  Main  decomposition  theorem: 

In  order  to  prove  the  main  decomposition  theorem  we  need  to  do 
more  preliminary  work. 

We  now  Investigate  the  uniqueness  of  the  decomposition  of  a 
quasi -martingale  process.  We  need  the  following  lemma. 

Lemma  2.3.1 

Let  (Y(t),  F(t);  teT)  be  a  martingale  process  having  a.e. 
sample  function  continuous  and  of  bounded  variation  on  T.  Then 
P([Y(t)  -  Y(0) ;  teT])  -  I. 

Proof: 

Since  the  Y-process  has  a.e.  sample  function  continuous  and  of 
bounded  variation  on  T,  If  V(t,u>)  denotes  the  variation  of  Y  (•,<») 
over  [0, t]  then  Is  continuous  and  monotone  non-decreasing  on 

T  for  a.e.  u>.  Further  V(t,.)  Is  a  random  variable  measurable  w.r.t. 
F(t)  for  every  teT.  As  In  Theorem  2.1.3,  we  define  -ry(t)  to  be  the 
first  t  such  that 

sup  |V(s,o>)|  >v  or  sup  |Y(s,u>)|  >  v. 
s  <  t  ~  s  <  t 

If  no  such  t  exists  let  -ry(u>)  -  I.  Clearly,  Ty(oj)  is  a  stopping 
time  of  both  the  processes  (Y(t),  F(t);  teT)  and  (V(t,o>),  F(t);  teT). 
Define 

Yy(t,u>)  -  Y(t,u>)  if  t  <  Ty(tu) 

-  Y(tv(u>),u>)  if  t  >  Ty(u>). 

By  Theorem  2.1.1,  for  each  v  ■  1,2,...  the  process  lYy(t),  F(t);  teT) 
is  a  martingale.  Furthermore,  for  each  v  ■  1,2,...  the  Yy-process 
has  a.e.  sample  function  continuous  and  of  bounded  variation  on  T. 
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As  in  Theorem  2.1.3,  for  a.e.  u>  ,  there  exists  v(u> )  such  that 
y(t,u>)  «  Yv ( t ,oj)  for  every  teT  if  v  >  v(<u). 

It  is  also  clear  that  if  Vv(t,o>)  denotes  the  variation  of  Yy(-,u>) 
over  [0, t],  then 

Vy(t,<u)  -  V(t,u>)  if  t  <  tvN 

-  V(Ty  (“>),“>)  if  t>  Ty(o>). 

This  follows  simply  from  the  fact  that  for  all  s  <  t  <  Ty(u>), 

Y{s,oj)  -  Yy(s,uj),  and  for  t  >  Ty(to),  Yy(t,o>)  is  constant.  Also  we  have 

sup  |  V  (t,u>)  j  <  v  ,  sup  |  Y  (t,u>)  |  <  Vy  • 
t  V  t,a> 


We  now  show  that  for  every  v  -  1,2,... 

P(l Yy(t)  -  Yy(0);  tcT])  -  1. 

Let  (7T  1  n  >  1}  be  a  sequence  of  partitions  of  T  as  defined  in  2.2.1, 
n  " 
oo 

and  let  IT-  \J  T[  •  Let  tc  f  I  .  Than  there  exists  such  that 
n*l 


t€  K  for  every  n  >  n{- 


Assume  n  >  nt- 


Now 

E(|Yy(t)  -  Yy(0)|2) 


rrn(«) 


E(  max 
0<  j  <  N 


7Tn(t) 


<E(  max  |A  .(Y)|V  <!,•)>. 

"  0<  j  <  N  n,i 

“  “  fl 

Since  Y  and  V  are  uniformly  bounded  and  Yu  is  a.s.  sample  continuous 

V  v  v 


m  have 
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E(  |  Y  (t)  -  Y  (0)  | 2)  <  lim  E(  max  |A  (Y  )|V  (l,u>)) 
v  n— >oo  0  <  j  <  N  n,J  v 

<  E(  Ti^  |A  .  (Y  )  I V  (l,«o))  -  0. 

1  n, j  v'  '  v  '  " 
n->  oo  J 

Therefore 

P([Yv(t>  -  Yy(0);  te TT] )  -  1. 

Since  TT  is  dense  In  T  end  Y^  Is  e.s.  sample  continuous,  we 

have 

P([Yv(t)  “  Yv(0);  teTl)  "  *» 

and  this  is  true  for  every  v  ■  1,2,...  .  Since  for  a.e.  u),  when  v 
Is  sufficiently  large  Yv(t,tu)  ■  Y(t,u>)  for  every  teT,  It  follows  that 

P ( t Y ( t)  -  Y(0);  teT])  -  1  . 


Theorem  2.3-2 

If  tX(t),  F(t);  teT)  Is  a  quasi-martingale  with  the  following 
decompositions 

P(tX(t)  -  X,(t)  ♦  X2(t);  teT])  -  1 

P([X(t)  -  X*(t)  +  X*(t);  teT])  -  I 
* 

where  the  Xj^  and  X^,  1  ■  1,2.  are  a.s.  sample  continuous,  then 

P(lX,(t)  -  X*(t)  ♦  (X, (0)  -  X* (0) ) ;  teT])  -  I. 

# 

In  particular.  If  X| (0)  *  Xj(0)  a.s.,  then 
P(lX,(t)  -  X* ( t) ;  teT])  -  I. 

Proof: 

Let  Tj  *  Xj  Xj  ,  y2  •  X2  X2- 
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Then 

P([Y|  <t)  -  Y2(t);  UT])  -  1 

and  hence  the  process  (Yj(t),  F ( t) ;  teTJ  Is  a  martingale  process 
with  a.e.  sample  function  continuous  end  of  bounded  variation  on  T. 

The  conclusion  now  follows  from  Lemma  2.3*1. 

Suppose  now  (X(t),  F ( t) ;  teT)  Is  a.s.  sample  continuous.  Let 
(t^(<d);  v  >  0}  be  the  sequence  of  stopping  times  defined  in  Theorem  2.1.2. 
If  we  stop  the  X-process  at  Ty(u>)  then  we  will  get  a  process  which  Is 
a.s.  sample  equi-continuous.  Also  let  v  >  0)  be  the  sequence 

of  stopping  times  defined  In  Theorem  2.1.3*  If  we  stop  the  X-process 
at  -ry(aj)  then  we  will  get  a  process  wnlch  Is  uniformly  bounded  by  v. 

If  -ry(u))  is  the  minimum  of  -ry(u>)  and  Ty(u>),  then  Ty(u>)  is  again  a 

stopping  time  of  the  X-process. 

(2-3-3) 

Define 

tv<u>)  -  min  l-ry(u>),  Ty'(o>)) 

and  let 

Xy(t,ui)  -  X  ( t  ,u>)  if  t  <  tv(u>) 

-  X(  tv(u>),o>)  if  t  >  Ty(a>)  • 

Then  for  each  v  ■  0,1,.-.  the  Xy-process  is  a.s.  sample  equi- 
continuous  and  uniformly  bounded  by  v.  We  have 

P([tv(o>)  <  Ij)  <  P(It;(u))  <  lj)  ♦  P([t"(u»)  <  1))  ->  0 

as  v  — >  oo  . 

Recall  that 

lTy(u>)  <  1]  -  [Xy(t)  4  X(t)  for  some  t«T] . 


ib. 


Then  there  exists  a  set  A  with  P(A)  *  0  such  tn&t  for  u^A,  there 
exists  v(o>)  such  that  if  v  >  v(u>) 

X(t,<u)  -  Xv (t,o>)  for  every  teT. 

If  r  P([sup  |X(t)|  >  r])  — >  0  as  r  — >  oo  ,  tnen 
t 

E( | Xv (t)  -  X( t) | )  — >  0  for  every  teT, 
for 

E(|Xv(c)  -  X(t)|)  -  J  |Xv(t)  -  X(t) j dP  ♦  j  |Xv(t)  -  X(t)|dP 

[tv(o))<1]  [tv(o>)-1] 


f  | Xv(t)  -  X(t) | dP  < 

J  ^(Oldp* 

J  |X(t)|dP 

[tvM  <l] 

[Ty  (»)<!} 

[tv(u))<I] 

<  vP([tv(<b)  <  I])  ♦  J  |X(t)|dP  . 

[tv(u>)<  1] 

The  second  term  goes  to  zero  since  P([tv(o>)  <  1 ) )  — >  as  v  — >oo  and 
X ( t)  is  integrable.  The  first  term  is  bounded  by 

vP(Ltv(«)  <  I])  ♦  vP([t”(<d)  <  1]) 

<  v2~V  +  vP([t;'(«)  <  »]) 

<  v2  v  +  vP([sup  |X(t)  |  >  v])  — >  0  as  v  — >  oo  . 

~  t 

We  now  prove  another  lemma  which  will  lead  us  to  the  main  tneorem. 
Lemma  2.3.4> 

Assume  (X(t),  F ( t) ;  teT)  is  a<s.  sample  continuous  and  Is  such 

that 

rP([sup  |X(t)  |  >  r))  — >  0  as  r  — >  oo . 
t 

Let  the  sequence  of  processes  (Xy(t),  F(t);  teT),  v  >  0,  be  as  defined 
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in  2.3.3*  If  the  X-process  satisfies  condition  2. 2. fa,  then  each 
X-process  also  satisfies  condition  2. 2. fa  and  the  bound  K  is  Inde¬ 
pendent  of  v. 

Proof: 


we 


assume  tlm  E(  )  |C  . (X)|)  <  Ky  <  00  and  want  to 
n— >  00  ^  n'J 


show 


— 1 

there  exists  K  <  00  such  that  llm  E(  )  |C  . (X) | )  <  K  <  00  for 

n->®  L-‘  n,J 


Tfn 


every  v  >  0. 

- 1  '  — l 

L*tTn-E<LlC„,j<X>l>  *'’d  vTn"  E<llCn,j<*v)l»  '  flrSt 


n,j  *  '  •'  v  n  ’ 4_i  1  n, j 

TT  rr 

n  n 


consider 


I  J  <|t„,j<Xv)|-  |Cn>J(X)l)dP  <1  J  lE„,j(Xv)-  VjWldf 
rr„  t’„w>  <njj]  rr„  KW* ‘..ji 


<i  J  |Xv<‘n,j»|)  *  »(<„,)  l“P  S  £  J  (|*(«n,J*l)|  ♦  v  >  dP 

-  '  ■  ’  rrnJ[t„>jSTvw<«n^,j 


7 T  [T  («)>  t  J 
un  L 1  v  -  n,y 


*  ~i 

"I  J  lX(tn,j+l>ldP  ♦vP«tvW<U) 

TTn  [tnJ<TvU)  <tnJ+1] 


Next  consider 


u 


|C„,j(X)|d|. 

rr„ 


"n  J-J 

■  h  <1  /  I'n.J  > 

J.0  m>  l<„jkS  T,W  <tn  lw|] 


V'  «n 

'I  J  > 

to0  J-**'  l‘„,kS 
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N„-l 


1  </ 


lCn,J(X>l>dP> 

k'° 


N„-l 


‘I  </ 


k-0 


j-k+l 


N..-1  Nn 


>E  (j  <1  «-»«•'  x<..,,M|)an,J<X)lFaj))dP> 

k“0  ft  <  T  (t0)<  t  .  ,1  ■'Mk+, 

1  n, k-  vK  '  n,k+lJ 


V1 


l  </ 


-»9"*«„,W.)an,J<X,>dP) 


k-0 


N  -I 
n 


f‘n,*-<TvW<t„,k.l1 


j-k+l 


L  (/  *  l-9n  X(t„  w)«(l)J)dP) 

1-0  l\&  <*«,*.> 


V1 

>E  </  -  ix<')i>dp) 

ta0  tv<  <«„,wll 

N  -1 


E  /  ix«„,k*.)idp  - 

J  |*(l>|<* 

to0  c„,k<.vw<tn(Wli 

l'.H  4  ‘n,H  1 

’  n 

N 

ii 

E  /  ix",.,k*.>idp  - 

J  )X(I>  |«IP  - 

J  |X(1)|JP 

k-° 

TVW<'> 

’  ll 

KW'Vh  1 

9  ll 
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■  1  /  ix<WdP  •  I  |x(l)|dP  • 

Now 

,^n-Tn-E<IlCn,J<X,>l>  ’  E  <  Z  lCn,j  (X> '> 

■  Z</  lC„,J<X*>l*  *  J  lCa,J<Xv)ldP> 

7Tn  [Tv(<*)<tnJ]  [TvM>tnJ] 

-  I  <J  l<Vi'X>ldP  *  J  lCn,j(X)ldP) 

n»  !%<“>>  tn>j] 

-  <L  /  K„,J<«v)l'1P  -  i  J  lCn,j(X>ldP» 

^  l»,H>  V  j]  ^  K<“>>  tn  j] 

-  £  /  ic„,j<x>‘dp 

n«  tT„W>  «„,j) 

-  <£  /  <lCa,j<VI  -  l‘„,J«>l>dP>  '  <£  /  lCn,J<«ldP  > 

(,,(«)>  tn  jl  ""  lT,(“>>tn  jl 

<(£  J  l*(tnjj<.,)ld'  ♦  W«TVW  <  H» 


40. 


J  - 

“n,kS  VW<t„,WI! 


j  l*(D|<lf) 
[tv(oj)<  I] 


-  vP([tv(o>)  <  IJ)  +  J  |X(1)|dP  . 

Itv(<o)  <l] 


Hence 


Tn  <  E(£  |Cn  j(X)|)  +  vP([tv(o»)<  I])  +  J  |X(l)|dP 


7T 


[tvN<  l] 


or 


/Jn  -  KX  +  »f«%W  <  >])  +  J  | X(  1 ) dP  for  every  n.  As 


[tvM  <IJ 


— >oo,  both  vP([tv(o>)  <  I])  and  J'  | X ( 1 )  |dP  go  to  zero. 


[tv(*)<U 


Hence  If  K  -  Urn  E(  )  |C  .(Xjl),  then  K  — >  Ky  es  v  — >  oo  . 
v  n->co  -  a,J  v  a 


rrn 


Hein  Theorem  2..J.5. 

In  order  that  toe  a.s.  sample  continuous,  first  order  process 
(X(t),  F ( t) ;  teT)  have  a  decomposition  Into  the  sum  of  two  processes 
PUX(t)  -  X,(t)  ♦  X2(t);  teT])  -  I, 

where  (Xj(t),  F(t);  teT)  Is  an  a.s.  sample  continuous  martingale 
process  and  the  process  lX2(t),  F(t);  teT)  has  a.e.  sample  function 
continuous  and  of  bounded  variation  on  T  with  E(V(o>))  <  oo,  where 
V(<i>)  is  the  total  variation  of  X2 (•,<«)  over  T,  It  Is  necessary  and 


sufficient  that 


i)  lim  rP([sup  |X(t,u>)|  >  r] )  ■  0,  and 
r->oo  t 

ii)  For  any  sequence  of  partitions  n  >  l)  of  T  with 

iittj  it, c rr2c  .... 

lim  E(  )  |C  (X) j)  <  K.  <  oo 
n— >  oo  n'J  X 

II  n 

being  Independent  of  the  sequence  of  partitions* 

Proof: 

We  first  prove  the  necessity. 

If  (X(t),  F(t);  teT)  is  a  quasi-martingale  with  the  stated 
decomposition,  we  have  already  Indicated  that  ii)  is  true*  We  need 
then  to  prove  i) *  Consider 

rp([sup  |X(t,cu)  |>  r])  -  rP([sup  |X(t,o>)-  X(0,u>)+  X(0,u>)|  >  r]) 
t  t 

<  rP([sup  |X(t,u>)  -  X(0,u>)  |  >  r/2])  +  rP ( [  | X (0,o>)  |  >  r/2]). 
t 

Now  rP([|X(0,o))|  >  r/2})  <  2  f  |X(0,o>)|dP  0  „  r  _>  „  . 

[  |X(0,tu)  |>  r/2] 

Consider  then 

rP([sup  | X ( t ,<o)  -  X(0,u))|  >  r/2]) 
t 

-  rP([sup  |  (Xj  (t,u>)  -  Xj  (0,o») )  +  (X2(t,o>)  -  X2(0,o>))|  >  r/2]) 

<  rP([sup  |X.(t,u>)  -  X.  (0,tu)  |  >  r/4]) 
t 

+  rP([sup  |X2(t,u>)  -  X2(0,to)|  >  r/4])  * 
t 

Now  {(X, (t)  -  X|(0)),  F(t);  teT)  is  a  martingale  and  hence  by 
Theorem  3*2,  sec  II,  Chapter  VII  of  Doob,  we  have 
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P([sup  |X,(M>)  -  Xj  (0,oj)  |  >  r/4])  <  4/r  E(|X,(1)  -  X,(0)|) 

— >  0  as  r  — >  oo •  By  the  same  theorem 

rP([sup  | X ,  (t,o>)  -  X,  (0,a>)  |  >  r/4])  <4  J  |X,(I)  -  X,(0)|dP  — i >  0 

[sup  |X  (t) -X  (0) |>  r/4] 
t 

as  r  — >  oo  • 

Consider  now 

rP([sup  |X,(t)-  X,(0)|  >  r/4])  <  rP([sup  |V(t,u>)|  >  r/4]) 
t  t 

<  rP([V(l,uj)  >  r/4])  <  4  J  V(1,<u)dP  — >  0  as  r  — ■>  oo, 

[V(l,u>)>  r/4] 

where  V(t,u>)  denotes  the  variation  of  over  the  interval 

[0, t] .  Hence,  if  the  quasi -martingale  (X(t),  F(t);  teT)  has  the 
decomposition  stated  in  the  theorem,  conditions  i)  and  11)  are 
satisfied. 

We  now  prove  the  sufficiency  of  i)  and  11) .  Let  the  sequence 
of  processes  (Xy(t),  F(t);  tcT)  v  -  1,2,...  be  defined  as  in  2. 3-3- 
Then  P([Xy(t)  »  X(t) ;  teT])  — >  I  as  v  — >  oo .  By  assumption  i), 
E(|Xy(t)  -  X(t)J)  — ■>  0  as  v  — >  oo  for  every  teT.  By  Lemma  2.3.4, 
each  process  (Xy(t),  F(t);  teT)  v  ■  1,2,...  satisfies  condition 
2.2.b,  the  bound  K  being  Independent  of  v.  Then  by  Theorem  2.2.11, 
each  process  has  the  decomposition 

P(lXv(t)  •  X|y(t)  ♦  X2y(t);  teT])  -  I 

where  (X^v(t),  F(t);  teT)  Is  an  a.s.  sample  continuous  martingale 
process,  and  the  process  [X2v(t),  F ( t) ;  teT)  has  a. a.  sample  function 
of  bounded  variation  on  T.  Further 
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X2v(t)  "  P  lim  2j  Cr.  j(V  f°r  ®Very  UT 
n_>0°^(t) 

and  so  if  Vy(t,u>)  denotes  tne  variation  of  X.,y(-,u>)  over  [0,t]  we 
know  by  Lemma  2.3-4  and  Lemma  2.2.7 

“l 

E(«v(t,»))  <  llm  £(>  |C  (X„)|)  <K<® 

nH>“  7T„ 

for  every  UT,  v  ■  1,2,.... 

* 

It  is  clear  that  t,  (u>)  <  t2(<o)  <  •••  a.s.  Let  v  >v  and  let 
X*v(t,o>)  -  Xjv#(t,o>)  if  t  <  Tv(u>) 

■  X|v#(tv(<o),o>)  if  t  >  Tv(a>) 

x2v (*»«>)  -  X2v*(t,o>)  if  t  <  Tv(o>) 

-  X2v#(tv(u>),u>)  if  t  >  TV(<1>)  • 

*  * 

By  Theorem  2.2.1,  X,y  is  a  martingale,  and  clearly  the  X2v-process 

# 

has  a.e.  sample  function  of  bounded  variation  on  T.  Further  Xjy  and 

* 

X2y  are  a.s.  sample  continuous. 

Since 

Xy(t,uj)  -  Xy*(t,o>)  if  t  <  Ty(<0) 

-  Xy*(Ty(u>),:)  If  t  >  rv(w) 

we  have 

P([Xv(t)  -  Xlv(t)  +  X2y(t);  UT])  -  1 
P([Xy(t)  -  X*y(t)  +  X*y(t);  UT])  -  I  . 

~ l 

MowX2y(0)-P  lira  ^  Cn,j(V 

n->°o  fjQ) 


0  for  every  v  ■  0, 1 , . . .  so 
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that  X2V (0)  “  *2v#^  "  0  a's*  And  hence  by  Theorem  2.3 *2,  we  have 
P([X2y(t)  -  X*y(t);  teT])  -  1  • 

For  a.e.  o>,  i.e.,  except  for  idcA. ,  where  P(A)  -  0  there  exists  a  v(tu) 
such  that  for  all  v  >  v(u>),  tv(o>)  ■  1.  Then  for  v  >  v  >  v(<u) 

Xiv*(t,4u)  -  X1v(t,u>)  for  every  teT.  (1  -  1,2) 

We  define,  for 

X2(t,o>)  -  lim  X2v(t,to)  for  every  teT 
v->  oo 

X.  (t,a>)  -  lim  X.  (t,u>)  for  every  teT. 

V— >  CD  V 


(i  -  1,2) 


And  hence  for  every  (A  there  exists  v(u>)  such  that  if  v  >  v(u>) 
Xi(t,o»)  ■  Xlv(t,u>)  for  every  teT.  (i  ■  1,2) 

Now,  for  every  v  -  0,1,2,...  end 

Xly(t,®)  -  Xj (t,u>)  if  t  <  tv(«>) 

■  X1(tv(o>),<u)  if  t  >  tv(o>) 

If  V(t,o>)  denotes  the  variation  of  X2(*,u>)  over  [0,t]  ,  V(t,o>) 
Is  finite  since  there  exists  v(o>)  such  that 

X2v(t>‘*>)  ■  X2(t,u>)  for  all  teT 

end  hence  V(t,o>)  ■  Vy( t,u>)  for  all  teT- 


Clearly 


and 


Vy(t,u>)  ■  V(t,»)  if  t  <  Ty(u>) 

-  V(Ty («),»)  if  t  >  Ty(«>) 


P(l  lim  V  (t, to)  m  V{t,u»);  teT))  -  I 

V->  00 
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Since  Ty(u>)  is  a.s.  non-decreesing  In  v,  Vy(l ,to)  ■  V(t y(oi),to)  is 
monotone  non-decreasing  in  v.  But 

lira  E(V  (!,<»))  <K, 

V— >  CD 

and  hence  by  the  monotone  convergence  theorem 
Hm  E(VM <!,«))  -  E(V(l,o>)). 

V— >  00 

Now 

lX2v^t,<0)  '  X2^^l  "  "  x2^t>u>^  lf  4  -  Tv^ 

-  |X2(t,o>)  -  X2(tv(u>),o>)|  If  t  >  tv(o>). 

So 

sup  |X2(t,<u)  -  X2v(t,u>)  1  -^sup^  J  |X2(t,u>)  -  X2(tv(u>),u>)| 

<  sup  (V( t,o>)  -  V(t  (o>),u>))  <  V(l,o>)  -  V  (1,w). 

t>Tv(<u) 

And  hence 

E(sup  |X2(t)  -  X2y(t)|)  <  E(V(I  ,w)  -  Vv(l,u>))  — >  0  as  v  — >  ®  . 

Now  since  E(|Xv(t)  -  X(t)|)  -i>  0  and  E(|X2y(t)  -  X2(t)|)  ->  0  as 
v  — >  ao  for  every  t«T.  We  have  E(|XJy(t)  -  Xj(t)|)  >  0  as 

v  ao  and  hence  Xj  being  the  limit  In  the  mean  of  a  sequence  of 
martingales  Is  itself  a  martingale. 

We  now  make  a  few  remarks  concerning  the  decomposition  In 
Theorem  2.3.5. 

First,  the  process  (X(t),  F(t);  tcT)  is  uniformly  lntegrable  in 
t  since  the  process  (.X|(t),  F(t);  tcT)  being  a  martingale  process 
closed  on  the  right  is  uniformly  lntegrable,  and  (X2(t),  F(t);  tcT) 
is  uniformly  lntegrable  because  it  is  dominated  by  V(l,o>). 


show 


4t». 


Secondly,  having  already  proved  the  decomposition  we  can  easily 
X,(t)  ■  P  Hm  )  C  (X)  for  every  tcT. 

n^“TTn(t) 

Let  (Xy(t),  F ( t) ;  teT}  v  -  0, l,...  be  as  defined  in  the  theorem, 
so  that  for  each  v  ■  0, 1,...  Xy  is,  by  Theorem  2.2.11,  a  quasi- 
martingale.  Let  P([Xy(t)  -  X,y(t)  +  X2y(t);  teT])  -  1  where  [Xy] ^  XJy 

and  [Xy]2«  X2y.  In  Theorem  2.2.11  we  showed 

p([sUp  1^,  cn  .  (*v)  -  *2v(t)  |  >«))-»  o 

'  TT„(t)  ' 

as  n  — >  oo  for  every  e  >  0.  In  Theorem  2.3.5  we  showed 

P([sup  |X2  (t)  -  X2(t)|  >  e])  — >  0 
t 

as  v  — ■»  ao  for  every  e  >  0- 
We  wil 1  now  show 

Pdsup  |£  (Cn  .(X)  -Cn  .(Xy))|  >e])  -J>0 

*  W 

as  v  — >  00  uniformly  in  n. 

Let  e  >  0  be  given.  Let  x^  j  denote  the  characteristic 
function  of  the  set  [...].  Then 

|Z  (cn,j(x>  "Vi(v>l  >tl> 

‘  rr„M 

*  pU*i.vh<»  T  (C",J<X)  '  c",i<xv))i>€i) 

♦  P“XW,»-I)  7  I  i  Ki W  •  tn,j(Xv»l>‘>> 

v  *  rr„w 
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Now  the  first  term  on  the  right  is  bounded  by  P([tv(<*>)  <  U)  whlch 
we  know  goes  to  zero  as  v  — >  oo .  The  second  term  is  bounded  by 

'<1*1,  <„)..)  £  'Cn,j(X2>  -  Cn,J(X2v»l  > '» 

v  K 

iiij 

TTn  [tv(»)-U 

<Ui  -An,j<X2.»llF„,j),1P 

[Tv(«»)>tnJ] 

■ill  • 

lT»M£ 

Xa<tn,j»')  "  X2v(tn,j*1>  TvW  <  'n,j*r  "  ,h*‘ 

ill  |X2<«„,J+1>  -X2v<‘n,J*.>l‘"’ 

n" 

ml  l  J  lX2(tn,j-H)  "  X2v(tit,j*l)|dP 
1T'’  I'n.ji  *,«■>< 

<  i  l  J  2v(l,«>)dP  "  1  J  • 

r"  -vw<Vj,ii  Itvw<ii 


The  integral  on  the  right  goes  to  zero  as  v  — >  co  since  P(ItvN  <<!) 
_ >  0  es  v  — >  oo  >  and  V(l,«u)  is  integrable. 
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Now  if  e  >  0  is  given, 


P([sup  |  ) 
1 


(X)  -  X2(t)  |  >  e]) 


■ — i 

<  P([sup  | ^  (Cn  . (X)  -  Cn  . (Xv) ) |  >  €/3]) 

1  TTn(t)  ' 

■ 

+  P([sup  1^  Cn  j(Xv)  -  X2v(t)|  >  6/3]) 

1  7 Tn(t)  ' 


+  P([sup  |X2  (t)  -  X  (t) I  >  e/3]) • 

t 

Given  any  rj  >  0,  we  can  first  choose  v  such  that  tne  first  and  third 
terms  on  the  right  are  less  tnan  t|/3  for  every  n  ■  1,2,....  For 
this  fixed  v  we  can  make  the  second  term  less  than  tj/3  by  choosing  n 
sufficiently  large- 

An  immediate  corollary  to  the  main  theorem  is  the  following. 


Corol lary  2.3.0 

If  IX(t),  F(t);  teT j  is  an  a-s.  sample  continuous  semi-martingale, 
then  it  has  tne  decomposition  stated  in  Theorem  2.3*5  if  and  only  if 

i)  lim  rP([sup  |X(t,u>)|  >  r])  ■  0 
r->  oo  t 

In  particular,  if  the  X-process  has  a.e.  sample  function  non-negative, 
then  1)  is  always  satisfied. 

Proof: 

We  need  only  show  condition  ii)  Is  satisfied.  If  (Tn>  n  >  l) 
is  a  sequence  of  partitions  of  T  as  defined  in  2.2.1,  then 


49. 


«£  ic,„j<x)i»  -  E(I  iE(A,„j(x>iFo,j>i» 

TTn  ?Tn 

'  “l 

-  E(  )  | E (X ( t  . ..) |F  .)  -  X(t  .) |) 

'  4_i  1  n,j  +  l  1  n,j  n,j  1 

K 

-E(Z  (E(X(Tn, j  +  l )  t Fn, j ^ 

% 

-  E (X ( I ) )  -  £(X(0»  . 

If  the  X-process  has  a.e.  sample  function  non-negative, 

rPdsup  |X(t,u>)  |  >  r])  -  rP([sup  X(t,u>)  >  r]) 
t  t 

<  J  X(l)dP  — >  0  as  r  — >  oo  , 

[sup  X(t,<u)>  rj 
t 

and  therefore  i  is  satisfied. 

If  we  recall  the  example  given  in  Chapter  I,  where 
X  -  exp[Zv]  v  >  0, 

2  being  the  Brownian  motion  process  on  [0,1],  we  see  that  tne 
X-process  is  an  a-s.  sample  continuous  non-negative  semi -martingale 
since  exp[tv]  is  a  continuous,  convex  and  non-negative  function. 
The  corollary  tells  us  tne  X-process  is  a  quasi-martingale. 

We  note  that  when  the  X-process  is  a  semi -martingale,  our 
conditions  coincide  with  those  given  by  Johnson  and  Helms. 
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Section  4:  Particular  results: 

In  this  section  we  concern  ourselves  with  some  special  theorems 
and  results  which  will  be  used  extensively  In  Chapter  III. 

We  first  prove  a  lemma  which  will  be  quite  useful  and  which  is 
really  just  an  observation. 

Lemma  2.4. 1 

Let  (Xi(t),  F(t);  teT),  1  -  1,2, ...,k  be  arbitrary  processes. 

Let  (7?n>  n  >  1}  be  a  sequence  of  partitions  of  T  as  defined  In  2.2.1. 
For  each  n  -  1,2,...  let  fn(’)  denote  a  Baire  function  of  k(Nn+  2) 
real  variables.  Assume  that  for  each  1  ■  1,2, ...,k, 
lXly(t),  F(t);  teT},  v  ■  1,2,...  is  a  sequence  of  processes  such  that 

P([Xly(t)  -  Xt(t);  teT,  I  <  1  <  k])  — >  I 

as  v  — >  co  •  If  for  each  fixed  v  -  1,2, . . ., 

P  llm  fn(Xly(tnJ);  >  <  *  <  k,  0  <  j  <  Nn  +  1) 

"  P  ,im  *nv  “  Tv  exlsts' 

ri— >  CO 

then  P  lim  f  (X.  (t  .);  I  <l<k,  0<j  <M  +  1) 
n->oo  n  1  n,J  ~ 

■  P  Urn  7  m  7  exists- 

n->oo  n 

Moreover,  P  lim  f  exists  end  is  f  • 
v->oo 

Proof: 

We  observe  that  f  converges  to  fn  in  probability  uniformly 
In  n  as  v  — >  oo  •  For 

*up  r([|T  -  TJ  >  OJ)  -  i  -  inf  p(l|?nv-  7n\  <  0]) 

n  n 
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-  1  -  inf  P([Xlv(tnJ)  -  Xt(tnJ);  I  <  1  <  k,  0  <  j  <  Nn+  1]) 

<  1  -  inf  P([Xjy(t)  -  Xt(t) ;  UTj  I  <  i  <  k]) 
n 

-  I  -  P([Xly(t)  -  Xj  (t) ;  tcT,  1  <  i  <  k])  — >  0  as  v  — >  oo  . 


Then  P([|F  -  fj  >  c])  <  P([|fn-  T  y |  >  0]) 

+  P([|f  -  7  I  >  e])  +  p([ IT  -  7  I  >  o]) 

U|  nv  mv1  6,1 '  VL|  mv  m1  J/ 


where  e  >  0  is  arbitrary.  Let  5  >  0  be  given.  We  first  choose  v 

such  tnat  the  first  and  third  terms  on  the  right  are  less  than  6/3, 

then  for  that  fixed  v  we  ca  i  choose  n  and  m  to  make  the  second  term 

on  the  right  less  than  6/3  because  P  lim  f^  ■  exists  for  every 

n— >  go 


v  «  1,2,....  Hence 


P  lim 
n->  oo 


f  exists 


To  show  P  lim  f  exists  and  is  f, 
v->  oo 


consider 


p<UV  Tl  >€l)  <p<UV?nvl  >e/3l) 

+  P(tl?nv’  Tn!  >  €/3l)  +  P«IV  F|  >  e/3l) 


where  £>01$  arbitrary.  Let  6  >  0  be  given.  We  first  choose  v 
such  that  the  second  term  on  the  right  is  less  than  6/3  for  every  n, 
and  for  that  fixed  v  we  can  choose  n  such  that  the  first  and  third 
terms  on  the  right  are  less  than  o/3-  The  lemma  is  now  complete. 

With  this  lemma  it  is  easy  to  prove  a  useful  theorem  concerning 
the  decomposition  of  a  particular  type  of  semi*martlngale. 

Let  (X(t),  F(t);  teTJ  be  an  a.s.  sample  continuous  second  order 
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martingale  process  and  let  £  ■  X  .  Then  the  process  U(t),  F ( t) ;  teT} 
is  an  a.s.  sample  continuous,  positive  semi -martingale  and  by 
Corollary  2.3-b,  l  is  a  quasi -martingale.  Let  [5]j  ■  and  [&]^  “ 
i 2*  Then  we  know  ^as  a,e>  sample  function  continuous  and  of 
bounded  variation  over  T.  Further,  if  V(<jo)  denotes  the  total 
variation  of  ,w)  over  T,  E  ( V (to) )  <  oo,  and 

~i 

l At)  -  P  lim  )  C  .  (6)  for  every  teT. 

*  „  •>,  _  4—i  n,  j 

n->0°  7Tn(t) 


Theorem  2.4.2 


If  >  F  ( t ) ;  teT)  Is  the  process  defined  above,  then 

J,(t)  ■  P  lim  )  [A  .(X)]2  for  every  teT- 
*  n->  co  -  -  -  n,J 


7Tn(t) 


Proof: 


We  know  t,(t)  ■  P  lim  )  C  . (6) 
1  n->  cd  U  ■  n'J 


TT  (t) 


-  P  lim  )  C  .(x2)  -  P  lim  )  E([A  . (X) ] 2  F  .)  • 

11  **  00  -r  (t)  0  ?00TT 

‘  n 


rr„U) 


Assume  first  that  the  X-process  is  a.s.  sample  equi -continuous 
and  uniformly  bounded.  Then 


’■<L  -  l«U*,j<»)lV„.j>|2» 

rr„(«) 


<  E()  h,  •  <X)  |‘)  <  E(  Max  |A  .(X)  /  K  ,  00  I  2 

(—1  '‘>j  n<  ;  c  ij  n>J  '--1  n>J 

(0  -J-U:  "r'(t) 


r  (t) 


|A  (X)|Z)  <  c  E(jX(l)  -  X(0) I2). 

'•>  J 


where 


because  of  Me 


c  =  sup  nax  |A  (X)  |“  — >  c  as  — ■>  ao, 

cl  <  j  <  i<  l,,J 

ci .  s  .  „..1  form  sample  equi -co  ,..i  .  i  ty . 

ilov/  assume  ...u  X-process  is  a.,  a-s.  sample  co.itl mucus  secc.ui 
order  ...ar c  i ,._,a , e  .process. 

La.  (X  (fc),  .-(l);  teTj  ue  as  defi.ieb  i.i  i.j.j.  T.ie.,  -> 

T.ieoreu  2.1.!,  ciicn  X^  is  a  uaiforr.iiy  boa.ided  a.S.  sample  equ'*- 
co.vtliiuous  marii.  Oa!o  process. 

For  cct.  v  ■  if  iv  •  X^  ,  t..e.i  ^  .ias  me  deccmposi  i.1  o.. 

K  *  slv  +  *2v 

a.id  uy  what  we  ..eve  isc  Suow.i 

j .  (t)  ■  P  lim  ]  tA  (X  )}‘i  for  c/ery  tcT- 
»->oo 

2 

We  .;  iOv.  j  -  X  ias  no  decomposi c i o i 


4  *  *1  *  h 


a, id 


V  ilt.i  i2v(0  *  i2(i)  for  ever,  uT, 


V->  00 

as  was  see  t  i  .  L.iO  j  roof  of  T.aorem 
j.  Lei v^a  a.  : . 


r  ’ ' . 

X  , 


lA  U);  "  **  i  (t) 


‘IJ 


-  *0 


"or  aver/  tc. 
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Corol lary  2. 4. 3- 

Let  (X(t),  F(t) ;  t€T)  and  (Y(t),  F(t);  tcT)  be  a.s.  sample 
continuous  second  order  martingales*  If  (7 T  l  n  >  IJ  is  a  sequence 

tl  “ 

of  partitions  of  T  as  defined  In  2.2. 1 ,  then 

P  lim  )  A  .  (X)  A  .  (Y)  exists 
.  >>  oo  L,  n,j  n,j  ' 

“  JT^) 

for  every  teT  and  the  process  so  defined,  which  we  Indicate  by 
(Z(t),  F ( t) ;  teT)  can  be  taken  to  have  a.e.  sample  function  of 
bounded  variation  a. id  continuous  on  T.  Moreover,  if  V(to)  denotes 
the  total  variation  of  Z(*,u>)  over  T,  E(V(u>))  <  oo. 

Proof: 

We  have 

L  \iW\jW  ■  L  '/4U\j(V)*4n,j(X)|2-lAn,J(V)-an,j<X)l2) 

7T„<‘>  TT,«> 


■  L  i/M[A,iJ(x«y)l2-  [An  J(x-r)l2)  . 
TT„M 

Let  &  -  X+Y  and  T  -  X-Y.  Then  t  and  J  are  a.s.  sample  continuous 

2  —2 

second  order  martingales,  so  i  and  S  are  a.s.  sample  continuous 
positive  semi -martingales. 

We  write 

i  A„,jM  \i <x>  - 1  -  L  l/4iA„j^i2 

77T,<<>  TT„M  TT„M 


and  hence,  by  Theorem  2.4.2, 


55- 


P  lim  ^  An  j(Y)An  i  (X)  “  l/4([fe2]2(t)  -  [?2)2(t))  . 

n_>0°  TTJ  t)  ' 


Let  Z(t)  «  1 /4 ( t s 2] 2 ( ^)  *  [ i2] 2 ( t) ) -  Then  the  Z-process  has  the 

2  —2 

stated  properties  since  both  [£  ] 2  and  [ £  ] 2  have  these  properties. 


We  now  discuss  some  other  results  which  will  be  used  In 
Chapter  III. 

Suppose  (X(t),  F(t) ;  tcTj  satisfies  the  conditions  of 
Theorem  2.3*5-  Let  [X] j  «  Xj  and  [X]2  ■  Xj.  Then  X|  and  X2  are  a.s. 


the  variation  function  of  X2(',<u)  over  T,  E(V(u>))  <  a>  . 


Let  t V (t) ,  F{t) ;  t  T)  be 


•raple  continuous  process. 


Then  for  e.e.  w,  the  Rlemenn  -  Stleltjes  integral 

R  /  Y(t)dX_(t)  -  Um  )  Y(t*  .)4  (X.) 

J  2  n->oo  —  ,J  2 


Tfn 


exists,  where  t  .  <  t  .  <  t  .... 

n>J  -  '»>J  “  n>j+l 


We  wll I  show 

,1 


'n 


It  will  be  sufficient  to  show 

R  /  Y ( t) dX_ ( t)  -  P  llm  )  Y(t  ,)C  .(X) 

Jn  2  n->®  'hJ  n>J 

0  ^n 

since  P  llm  )  Y(t  )C  (X)  -  P  llm  )  Y(t*  ,)C  .(X) 

n ->oojf  n,J  n,i  n^>oorr  ,J  >J 


5b. 


where  t  .  <  t  .  <  t  .... 
n,j  “  n,J  -  n,j+1 

To  see  this,  let  ~A  ,  -  [  sup  |  Y ( t)  -  Y(s)|  >  1/r] 

'  | t-s | <  1/r' 

r, r '  -  1,2, -  Because  of  the  a.s.  sample  continuity  of  the 

Y -process,  lim  P{~A  ,)  ■  0  for  each  fixed  r. 
r'->oo  r'r 

Assume  n  is  such  that  HTT^H  <  1/r'.  Then 

p<ul  ‘v(t*,j)-v(tn,j»cn,J(x)i  >‘i> 

TT„ 

■'(lx.  l£l’'<V,j>-,(,o,j,lc„,j(x,l>‘1) 

r>  r*  rr„ 

*  P<lX~Ar  r,lllV<‘!!,j)-  V('„,j>JC„,j<X)l  >  ‘1) 


<P(-Arr.)  ♦  mj  1 1  V(.n(j)JCn>J(X)|dP 

*V,  r'  W n 

S'<~Ar,r.)  *  ■'«  i  J  |Y(t;  )-  V(t  )  ||C  WHIP 

"n  *Vr,r' 


<  P(~Af  r,)  ♦  1/e  1/r  E(^  |CnJ(X)|)  • 

TTn 

If  i)  >  0  is  given,  choose  r  such  that  l/er  (Kg)  <  ij/2,  then  choose  r' 
such  that  P(^Ar  r»)  <  tj/2.  Then  for  all  n  with  ||T7^||  <  1/r', 

'(III  ly(tn,j>-  ’('o.j’l  '„,,<*)!  >‘))<V 

K 
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We  first  assume  the  X2-process  and  the  Y-process  are  uniformly 
bounded .  Then 


rr„ 


<  l/e2E(|  l  *(t  j)l\,(X2)  -C  ,(*2H|2) 


TTr, 


TT„ 


;  7  u\j«2)i2-  ic„,jtvi2i> 

7T„ 


*  T7  £(„  „  l\j<»2>lZ  h„,j(*2>l) 


c4  0<  j  <  N  n,J 


rrn 


My 

<  -j  E(  max  |A  (X,)|V(u>)). 

6  o<j<nn  n’J 

Now  max  JA  .  (X-)JV(tu)  is  dominated  by  2My  where  My  ■ 
0<j<Nn  n,J  4  *2  *2 

sup  |X2(t,w)|  and  hence 
t,<u  4 

TO  Wl£  *«„,j)^,J<«2>  -C„,j<*»l>‘l> 

n->  oo  «- 


My 

<  4  E(  max  |A  (XJ  |  V(cb))  .  0 

e2  n->  CD  0<  j  <N  n'J  2 


since  max  |A  .  (X«)  |  — >  0  a.s.  as  n  — >  oo  because  of  the 
0  <  j  <  N  n,J 

—  v  —  n 
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a.s.  uniform  sample  continuity. 

If  we  now  drop  the  condition  of  uniform  boundedness  on  the 
X2~process,  we  can  define  a  sequence  of  uniformly  bounded  processes 
(Xy(t),  F(t);  teT)  v  ■  0, I,...  as  In  Theorem  2.1.3  such  that 

P([Xy(t)  -  X(t) ;  teT])  — >  1  as  v  — >  co . 

For  each  v  -  0,1,...,  the  Xy-process  will  be  a  quasi-martingale  with 
[Xv] i  -  Xiv,  i  -  1,2,  being  the  X^process,  i  -  1,2,  stopped  at 

Ty(u)).  The  Xy-processes  have  all  the  properties  stated  in  Theorem  2. 3*5* 

Still  assuming  the  Y-process  is  uniformly  bounded  and  a.s.  sample 
continuous,  we  have  just  shown  that  for  each  v  ■  0,1,... 

R /' »(t)dX2v(t)  -  P  11m  £  Y(tn  j)CnJ(Xv). 


For  a.e.  to,  there  exists  a  v(u>)  such  that  for  all  v  >  v(u>), 
X2(t,u>)  «  X2y(t,«»)  for  every  teT  and  hence 


llm 

V— >  00 


J  y(t)dx2v(t)  -  J"v(t)dx2(t) 
0  0 


a.s. 


If  we  now  show  that 


ZJ,<tn,J)Cn,j(V  conv*r9*t  *»  Z,Y(tn,j)Cn,jW 

TTn  TTn 


uniformly  in  n,  it  will  follow  immediately  that 

/  Y(t)dX,(t)  -  P  lim  >  Y ( t  . )C  .(X)  . 
J  1  n->oo  -  n,i  n'J 


TTn 


Consider 
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<  P([tv(w)  <H)  ♦  I /«/  |£y(tlljj)tcnjj(xv)-cii)j(x)]|dp 

iTVw-ii7rn 

<  P([tvH  <U)  *  V*  i  /  I'nj'V-'n.jW'”'  ■ 

[tv  (<*>)■!  ] 


We  know  the  first  term  goes  to  zero  as  v  — >  go  and  immediately  after 
the  proof  of  Theorem  2-3-5  we  showed  the  second  term  goes  to  zero 
uniformly  in  n  as  v  — >  oo  . 

We  have  now  shown 

r1 

R  /  Y(t)dX  (t)  -  P  lim  >  Y ( t  .)C  .(X) 

J  2  n_>Qo  L,  n,j  n,j 


when  Y  is  uniformly  bounded  and  X  satisfies  the  conditions  of 
Theorem  2.3.5. 

Suppose  now  Y  Is  a.s.  sample  continuous  but  not  necessarily 
uniformly  bounded.  We  can  define  the  sequence  of  uniformly  bounded 
a.s.  sample  continuous  processes  lYy(t),  F (t) ;  teT)  v  »  0,1,..., 
as  in  Theorem  2.1.3,  such  that 

P(tYy(t)  -  Y ( t) ;  teT])  — >  1  as  v  — >  00. 


Pn^»  £  *  «/V»dX2(«) 


For  each  v  ■  0,1,...  we  have  just  shown 

P 

_  <_l  ?  it  ./c  .  \a  1  “  n 

1-^00  __  v'  n,j '  n,j 

"n  0 

when  the  X-process  satisfies  the  conditions  of  Theorem  2.3.5.  But 

for  e.e.  o>,  there  exists  v(cu)  such  that  for  v  >  v(o>),  Y(t,o>)  » 


Yv(t,u»)  for  all  teT,  and  hence 


bO. 


lim  j\( t)dX2(t)  -  j°Y(t)dX2(t)  a.s. 


Then  by  Lemma  2.4.1, 


P  lim  L  Y(tn  i)Cn  i(X>  "  R  [  Y(t)dX  (t) 
n— >oo  J  1 


nn 


We  have  now  proved  the  following  theorem. 


Theorem  2.4.4: 

If  the  process  (X(t),  F(t);  tcT)  satisfies  the  conditions  of 
Theorem  2.3 -5,  and  If  lY(t),  F(t);  teT)  is  any  a.s.  sample  continuous 
process,  then 


R  Jn  t)dX2(t) 
0 


■  P  lim 
n->oo 


K 


where  t  .<  t  .  <  t  . . 

n,j  -  n,j+l 


The  next  theorem  follows  almost  immediately  from  Theorems  2.4.2, 
2.4.4  and  Lemma  2.4.1. 


Theorem  2. 4. 5: 

Let  (X(t),  F(t);  tcT)  be  a  second  order  a.s.  sample  continuous 
martingale.  Let  j  -  X2  and  let  [i]2  ■  t2'  Th*n  lf  M*)*  F(0  i  tcT) 
Is  any  a.s.  sample  continuous  process. 


P  Urn 
n->oo 


% 


■  P  llm 
n->  oo 


rr„ 


I 

V(t)d42(t). 


Proof: 


We 


know  P  lim  )  Y(t*  )C  .  (X2)  -  R  f Y(t)dj,(t) 
n->  cd  fj!  n'J  n’J  J  2 


by  Theorem  2. 4.4.  Assume  first  that  Y  Is  uniformly  bounded  and  X 
is  uniformly  bounded  and  a.s.  sample  equi-continuous. 

If  we  look  at  the  first  part  of  the  proof  of  Theorem  2.4.2,  we 

see  immediately  that 

-1 

P  lim  )  Y(t  )[A  (X)]2  -  P  lim  )  Y(t  )C  (X2) 

n— >oo  zl  n'J  n'J  n->oo  n'J  n’j 

rrn  TTn 

-  R  J Y(t)di2(t). 


Now  assume  X  is  an  a.s.  sample  continuous  second  order  martingale 
and  Y  is  any  a.s.  sample  continuous  process.  We  can  find  two 
sequences  of  processes  lXy(t),  F(t);  t«T]  and  lYy(t),  F(t) ;  teTJ, 

v  «  0,1,2,...  such  that  for  every  v  »  0, I,...  Xy  is  uniformly 
bounded  a.s.  sample  equi-continuous,  Yy  is  uniformly  bounded  and 

P([Yy(t)  -  Y(t)  and  Xy(t)  -  X(t);  tsT])  — >  I 

as  v  — >  a>.  Since  X  satisfies  the  condition  of  Theorem  2.3.5,  so 
does  Xy  for  each  v  ■  0,1,... 

We  let  [Xy] 2  ■  *2v  for  each  v  “  -  Then 

«/  »v(t)di2v(t)  -  f  H.  ) 

0  ^°°  1Tn 

for  each  v  ■  0,1,...,  as  we  have  just  proved.  For  a.e.  «,  there 
exists  v(u»)  such  that  if  v  >  v(o>),  Yy(t,u»)  ■  Y(t,u>)  and  i2V(t,<»)  » 
i2(t,tu)  for  every  teT.  And  hence 
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lim 
v->  00 


Yv(t)d62v(t) 


R 


f Y(t)dfe2(t) 
0 


a.s. 


Then,  by  Lemma  2.4.1, 


P  11m 
n->  oo 


1 

R  J  Y(t)dS2(t) 
0 


Chapter  III:  Stochastic  Integrals 


Section  1:  General  discussion: 

In  this  chapter  we  will  define  a  stochastic  integral  for  quasl- 
martlngales.  The  approach  we  use  is  that  of  limits  in  probability 
of  Rlemann  -  Stieltjes  sums. 

Ito  (5)  and  Doob  (I,  Chapter  IX)  have  defined  stochastic 
integrals  with  respect  to  a  particular  type  of  martingale  process. 

Doob  assumes  the  martingale  lX(t),  F(t);  teT)  has  the  property  that 
there  exists  a  monotone  non-decreasing  function  G(t)  such  that  if  s<t, 

E(lX(t)  -  X(s)|2)  -  E ( | X ( t)  -  X(s)|2|F(s))  -  G(t)  -  G(s) 

with  probability  I. 

For  every  second  order  martingale  process  lX(t),  F(t);  teT), 
there  exists  a  monotone  non-decreasing  function  G(t)  such  that  if  s<  t 

E(|X(t)  -  X(s)|2)  -  G(t)  -  G(s) . 

However,  the  condition 

E(|X(t)  -  X(t)|2)  -  E ( | X ( t)  -  X(s)|2|F(s))  a.s. 

is  a  real  restriction  on  the  martingale  process.  As  Doob  points 
out,  if  G(t)  -  Const,  t,  and  X  is  real  valued  and  a.s.  sample 
continuous,  then  the  X-process  is  necessarily  a  Brownian  motion  process. 

Doob  shows  that  if  lY(t),  F(t);  teT)  is  a  measurable  process, 
i.e.,  measurable  w.r.t.  dtdP  measure,  and  if 

J  E(|Y(t)|2)dG(t)  <  oo  • 

0 

Then  the  stochastic  integral,  0  J'  Y(t)dX(t),  can  be  defined  as  the 

0 
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limit  in  quadratic  mean  of  a  sequence  of  stochastic  Integrals  of 
"(t,®)"  step  functions,  (I,  Doob,  p.  426). 

If  we  let 

Z(t)  -  D  J  Y (s)dX(s) 

0 

then  the  process  (Z(t),  F(t);  teT)  is  always  a  martingale  with 

E(Z(t))  *  0  in  t.  Further,  If  Zg(t)  m  ®  J  YQ(s)dX(s),  then 

0 

E(Z(t)20(t))  -  J  E(Y(s)Y0(s))dG(s)  . 

0 

These  properties  of  the  Integral  are  very  nice  in  applications 
(See, for  example,  section  3,  Chapter  IV  of  Doob). 

Unfortunately,  the  integral  does  not  have  some  of  the  more 
common  properties  that  one  associates  with  the  ordinary  Riemann- 
Stleltjes  integral.  For  example,  with  the  Doob  integral  we  have  no 
Integration  by  parts  theorem.  Furthermore,  one  of  the  major  defects 
is  the  non-existence  of  a  reasonable  transform  property.  This  is 
indicated  quite  easily  by  an  example  in  Doob. 

If  the  martingale  process  (X(t),  F(t);  t  T)  is  such  that 

0  J  (X(t)  -  X(0)]dX(t)  exists,  then  it  has  the  value 
0 

l/2[X(t)  -  X(0)]2  -  l.i.m.  1 
n->oo 

where  l.i.m.  indicates  limit  in  quadratic  mean. 

It  is  readily  apparent  that  one  cannot  hope  to  obtain  a  theory 
of  stochastic  integrals  which  parallels  Riemann  -  Stieltjes  integra¬ 
tion  if  we  use  this  definition  of  a  stochastic  Integral.  In  the 
next  two  sections  we  will  define  a  stochastic  integral  and  give  some 


TTn 


of  Its  properties.  Although  the  exposition  is  far  from  complete, 
it  is  hoped  it  will  illuminate  the  feasibility  of  obtaining  a 
Rlemann  -  Stleltjes  type  stochastic  integral. 


Section  2:  Definition  of  the  integral. 

In  what  follows  we  will  again  be  assuming  T  -  [0,1].  Let 
(X(t),  F(t);  teT)  and  [Y(t),  F(t) ;  teT)  be  quasi -martingales  with 

P([X(t)  -  Xj (t)  +  X2(t);  teT])  -  I 

P([Y(t)  -  Y,(t)  +  Y2(t);  teT])  -  I 

where  as  usual,  [X]i  -  Xj^  and  [ Y] ^  -  Y^,  i  »  1,2. 

We  assume  X1  and  Yi,  i  -  1,2,  are  a.s.  sample  continuous. 

Let  ( 7fn,  n  >  1 }  be  a  sequence  of  partitions  of  T  as  defined  in 
2.2.1.  We  will  show  that 

•  -l 

(3-2.1)  P  lim  )  l/2[Y(t  .+])+Y(t  .)]  LX(t  - ) -X(t  )] 

n->co  U  n'J+l  n'J  n'J+1  n'J 
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exists  and  we  define  / Y(t)dX(t)  to  be  this  limit. 


We  wil I  write 


and 


A  j (V)  -  t Y ( t  .)  -  Y(t  )] 

n,j  n,j  +  i  n,j 


5  . (Y)  -  l/2[Y(t  .Al)  +  Y(t  .)]  . 
n,J  1  n,j+r  n,j/J 


We  will  use  freely  the  notation  introduced  in  Section  2  of  Chapter  II. 
We  can  write  the  sums  in  3-2. 1  in  the  form 


bb . 


)  A  (Y)  A  (X) 
L- 1  n,j  n,j 


rr„ 


First 


— I 

I 

rr„ 


£  (V)  A  (X)  -  )  A  (Y)A  (X  )  +  >  A  (Y)A  (X2) 

njJ  n,j  Aj  n,j  n,j  i  A-*  n,j  n,j  l 


rrn 
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Since  Y  has  a.e.  sample  function  continuous  and  X2  has  a.e.  sample 
function  of  bounded  variation  on  T,  the  limit  of  the  second  sum  exists 
a.s.  and  is  the  ordinary  Riemann  -  Stieltjes  integral  of  Y(*,u>)  w.r.t. 
X2(-,u>).  We  indicate  this  as  follows 

(3-2.2)  R  f  Y(t)dX_(t)  «  P  lim  )  £  (Y)A  (X  )  . 

J  2  n->oo^  "’J  nJ  2 


Consider  now 


L  S",j<T)Vi(<l)  ■  IV(tn,j)\j(,l>  *  ZJ'/2An,j(V)An,j(Xl) 


fTn 


The  second  sum  on  the  right  can  be  further  reduced  to  the  fol lowing 

L,/2 Vi‘yi>Vj<,i>  ♦  l'/2 Vi<»2>\j<*,>  • 

^n  ^n 


Again,  since  Xj  is  a.s.  sample  continuous  and  Y2  has  a.e.  sample 
function  of  bounded  variation  on  T,  the  second  sum  goes  a.s.  to  zero. 

We  have  now  reduced  the  problem  to  showing  the  existence  of 
the  limits 


lim  >  1/2  A  (Y.)A  (X,),  P  Urn  )  Y(t  .)A  (X.) 

n»J  1  1  n->  oo^1  n'J  n,J  1 


n— >  oo 
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It  was  proved  in  Corollary  2.4.3  that  if  Y(  and  Xj  are  a.s.  sample 
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continuous  second  order  martingales,  then 


^n— >00  ^  1/2a",j(V')An,j(Xl>  ■  '/8<1V  t*,*  *,180»), 

nn 

the  limit  being  a.s.  sample  continuous  and  having  a.e.  sample  function 
of  bounded  variation. 

If  tY, v(t) ,  F(t);  teT),  (X)y(t),  F(t) ;  teT),  v  -  0,1,...  are  as 
in  Theorem  2.1.3,  then  by  Theorem  2.1.1  each  X|v  and  Y  are  uniformly 
bounded  a-s.  sample  continuous  martingales  and 

P([T)v(t)  +  Y, (t)  or  X|y(t)  +  X,(t)  for  some  teT])  — >  0 
as  v  — >  oo.  Hence  by  Lemma  2.4.1 

VS.  2.  '/2  Vil¥l)i",J(Xl)  exlSt5' 

7Tn 

Further,  if  ■  ^|y+  ^lv^2x  *2v  "  ^lv”  ^lv^2x 

(3-2.4)  P  lim  ^  1/2  A  •  (Y,)  A  .  (X  )  -  P  lim  1/8(6  (1)-  t2v0)). 

n->  co  n,J  1  n,J  1  v-Oco  lv  lv 

Wn 

We  define 

..  I 

(3-2.5)  /  dXdY-Plim  >  1 /2  2^  .(Y.)A  .(X.)  . 

{  n->oo  £  n'J  1  "’■>  ' 

"n 

If  we  now  show  P  lim  /  Y(t  .)A  .(X.)  exists,  we  will  have 

n->co^  n'j  n'j  1 
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proved  the  existence  of  the  limit  in  (3.2. 1).  To  prove  this  we  first 
prove  the  following  lemma. 


Lemma  3-2.6. 

If  (X(t),  F ( t) ;  teT)  is  a  second  order  martingale  and 


b8. 


U(t),  F(t);  teTJ  Is  a  uniformly  bounded,  a.s.  sample  continuous 
process  then 

lim  )  Y(t  . )A  (X)  exists  in  quadratic  mean- 

-■>  nn  n>  J  n>J 


n— >  oo 


7T„ 


Proof: 


Let  m  >  n-  Then  JT  C  TT  and  we  can  write 


n  ~  ■  '  m 

-l  *  “*l 


2|,  -  lV<Vj»An,J(X)  •  L  1  V<'n,J>i™,j,k(« 

^"n  ^n^Tnmj 


"I 

and  Z  -  )  Y(t  .)A  ,  (X)  -  )  )  Y(t  .  JA  .  .  (X) 

m  4_i  '  m,i  m,i4  '  4_j  4_i  4  nmj,k  nmj,k4  # 

7Tm 


Then 


£<IV  2J2)  -«l£Z  W  ’'l'n,J»i™.J,k<X>|2) 


^n^nmj 


■  E<Z  I  l’<  W  ''(tn,j)l2|^,k<«>|2) 


^nmj 


because  of  orthogonality. 

Let  (er,  r  >  0)  be  a  sequence  of  positive  real  numbers  with 

«-  >  «,  >  0  and  lim  «  ■  0.  Aiso  let  l&  •,  r‘  >0}  be  a 

o  i  r->oo  r  r 

sequence  of  positive  reel  numbers  with  >  Oj  >. . .  >0  and 

lim  o  ,m  o. 
r-4>oo 

Define 


^  A  ,(t)  -  [  sup 
r'r 

s,s’  <  t 


I Y (s)  -  Y(s’) |  <  «rJ,r,r'  -  0,1,2,... 


w- 


Because  of  the  a.s*  uniform  sample  continuity 


P(A  .(t))  — ■>  0  as  r'  — >  oo  for 
r>  r 


every  fixed  r. 


Now  for  fixed  r  and  r',  if  tj  >  t^  then 

•*+  Ar  r,(t()C  ‘"''Ar  ri(tQ)  and  hence 

Vr^l1  3  Vr'fV  when  tj  >  tQ 


Now 


L  i  E<|V<tnnj,k)-V(tnJ)|2|AnmJ,k(X)|2) 

^"n  ^nmj 

'L  i  J  l''(tn»j,k)-y<ta,j)lV„nlj,k(X)|2«l> 

fTn  ^nmj  r '  ^nmj, 


*L  L  J  i''(>wj,k>-''<Vj)i2ia™,j,k(x>|2dp  • 

TTn  ^nmj^’^r,r,^tnmj,k^ 


Then 


'“V’llS'W- 

J  l’f(tn»j,k,'',(tn,j)l^n.j,k(X,|2,,P 


^r,  r'^nmj,^ 


^  **?  J  K»j,k‘x>l2“p 

JV,r' 

*  J  lX<tn»j,MI>|2-E  /  |X<t™,j,kH2<,P 

Ar  r.(t  :  u)  A  .(t  .  .) 

^  ^  r  run  j  j  K  c  p  r  nwij  j  K 
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S  ^  J  lX<t™j,Wl)|2<"’  '  4M?  J  lX(t™nj,k>|2<tP  ' 

Ar,  r '  ^nmj  ,  k+l^  Ar,  r 1  ^nmj ,  k^ 

Then 

II  J  lV<tn^,k)-Y<tn,j>|2|^j,k<x)|2«f 

TTnmj  Ar,  r  '  ^nmj ,  k^ 

<  4M J  /  |X(l)|2dP 

Ar,r'<» 

Let  e  >  0  be  given,  choose  r  such  that  e2  E(|X(I)  -  X (0) j 2)  <  e/2. 
Since  P(A  .  ( 1 ) )  — >  0  as  r'  — ■>  oo  for  every  fixed  r,  we  can  now 

rj  * 

choose  r1  such  that  4M2  /  I X( 1 ) | 2dP  <  e/2.  Now  choose  n(e) 

Y  JA  .  (I) 
r,  r,x  ' 

such  that  ||7Tn(ej  H  <  bri-  Then  if  m  >  n  >  n(e) 

C(|Zm  -  2n|2)  <  ej  E(|X(1)  -  X(0)|2)  +  4mJ  J  |X(l)|2dP 

<  e/2  +  e/2  -  e. 

The  lemma  is  now  proved. 

If  (X(t),  F(t) ;  teT)  is  any  a.s.  sample  continuous  martingale 
process  and  if  (Y(t),  F(t) ;  teT)  is  any  a.s.  sample  continuous  process 
then 

. — i 

P  lim  )  Y(t  .)A  . (X)  exists  . 

n->oo  £  n,J  n,J 
**n 

For,  if  (Xy(t),  F(t);  teT)  and  lYy(t),  F(t);  teT)  v  >  0,  are  as 
defined  in  Theorem  2.1.3,  then  Xy  is  a  uniformly  bounded  a-s.  sample 
continuous  martingale  and  Yy  is  also  uniformly  bounded  and  a.s. 
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sample  continuous.  Then  by  Lemma  3-3*5 

lim  )  Y  (t  .)A  (X  )  exists  in  quadratic  mean  for 

V  J  n>J  V 

n—->  go  yy 
'  *  n 

every  v  >  0,  and  hence  by  Lemma  2.4  1 

P  lim  )  Y ( t  )A  (X)  exists. 

n->  co  %  n'J  n'J 
^n 

We  now  define 

(3-2.7)  0  /  Y(t)dX  (t)  -  P  lim  >  Y(t  )A  . (X  )  . 

J  1  n->oo  iji  n'J  n'J  1 

We  have  now  established  the  existence  of  the  limit  in  3-2.1  and  we 
define 

(3.2.8)  J  Y( t)dX(t)  -  D  J  Y(t)dXj  (t)  +  R  J  y(t)<JX  (t)  +  J  dY(t)dX(t) 
0  0  0  2  0 


*  - » 

•Him  >  A  (Y)A  (X) 
n->  oo  -  n,J  n,J 


irn 


Clearly,  if  (u,0]  *ny  closed  sub  Interval  of  T,  we  can  define 


(3-2.3)  /P Y(t)dX(t)  -  P  lim  j  A  (YJ  A  (X), 

J  n->  oo  n,J  n,J 

u  "op,  n 

for  the  limit  will  exist  when  (7 Tna  ,  n  >  I)  Is  a  sequence  of 

ap,  n  — 

partitions  of  [-,p]  with  IlfT^  0  and  TT^^0  •••  • 


If  (77*^,  n  >  I)  is  a  sequence  of  partitions  of  T  as  defined  in 
2.2.1  and  if  77^(0  -  XT n  D  [0,t],  then 

(3-2.10)  /'  Y(t)dX(t)  -  P  lim  >  A  (Y)A  (X)  - 

o  "->»^n(  t)"'J  °,J 
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Section  3:  Some  properties  of  the  integral. 


Let  (X(t),  F(t) ;  tcT )  and  (,Y(t),  F(t)j  teT)  be  quasl-martlngales 

with 

P([X(t)  -  X, (t)  +  X2(t);  teT])  -  1 
P([Y(t)  -  V, (t)  +  Y2(t);  teT])  -  1 


where  [X^  ■  X^  and  [Y]^  ■  Y^ , 
t 

Let  Z(t)  -  J  Y(s)dX(s)  - 
0 


1  ■  1,2,  are  a.s.  sample  continuous. 


P  lim 
n— >  oo 


i  Vi(T>  Vi(x)  ■ 


Theorem  3 • 3  •  I  • 

The  process  i.2(t),  F(t);  teT),  as  just  defined,  can  be  taken  to 
be  a.s.  sample  continuous. 


Proof:  t  t  t 

Z(t)  -  J  Y(s)dX(s)  -  D  J  Y(s)dX, (s)  +  R  J  Y(s)dX2(s) 

0  0  0 
t 

♦ J  dY(s)dX(s)  . 

0 

First,  the  integral  R  J  Y(s)dX2(s)  as  a  function  of  Its  upper  limit 

0 


defines  for  a.e.  u>,  a  real  valued  continuous  function  on  T. 
t 

The  Integral  /  dY(s)dX(s)  -  P  11m  )  1/2  A  ,(Y.)  A  .(X.) 

i  n— >  oo  t*\  n,J  "'J 


rrn(t) 


-  P  llm  l/8(t2y(t)-  62v(t))  *diere  S2y  and  42y  are  as  defined  In 
v->  oo 


3.2.4  Is  a.s.  sample  continuous  by  Theorem  2-2.10  since  both  i2y  and 
^2y  are  a.s.  sample  continuous  for  every  v  »  1,2,.... 

It  thus  remains  to  show  the  Integral 
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D 


P  lim 
n->  co 


I  y'Vi>Vi<x.> 

TT„M 


as  a  function  of  its  upper  limit  defines  for  a.e.  <u,  a  real  valued 
continuous  function  on  T- 

We  first  assume  the  Xj  and  Y  processes  are  uniformly  bounded 
and  a-s.  sample  equl-continuous. 

By  Theorem  2.2.10  It  is  sufficient  to  show  that  given  >  0 
there  exists  n(e,r))  and  such  that  for  ail  n  >  n(e,q) 


(I)  P([  sup 

I t-s| <  &(c, n) 


y<tn,j)Vi(Xl>l>‘» 

TT„M  r„M 


<  n 


First  we  show  that  if  e,  n  >  0  are  given,  there  exists  an  n(c,i))  such 

that  if  n  >  n(c,T)),  then  for  all  m  >  n, 

k 

-  — » 

P(l  max  max  |)  Y(t  .  t)A  .  k(X.)|>e])  <  q 

0  <  j<  N  0<  k  <  k  .  nroj'1  nmj'k  1 

—  —  n  -  —  nmj  i«0 

Now  k 

- 1 

P(l  max  max  |)  Y(t  .  t)A  .  jtX.)^  <1) 

0  <j< N  0<  k<k  .  nmj/i  nm^1  1 

— J  —  n  -  —  nmj  i«0 


<  P([  max  max  |)  [Y(t  .  t)-Y(t  .)Ja  .  k(X. )  |  >  «/2]) 

0< j <N  0<  k< k  .  f-L  ™nj'i  n'J  nmj'k  1 
—  n  -  -  nmj  1«0 


+  P([  max  max 

0<  j  <  N  0<k  <k  . 
—  n  -  —  nmj 


,k+P 


x,(«„jjM>./«) 


We  have 

P([  max  max  |Y(t  ,) (X, (t  .  k  ,) -  X, (t  .)) J  >  c/2J) 

0<  j  <  N  0  <  k<  k  .  "'J  1  1  n'J 

— J  —  n  —  —  nmj 
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<  P([  max  max  |X.(t  k+|)-X.(t  :>!  >«/2Hyl) 

0<j<N  0<k<k  nmj,k+i  n,j  Y 

-  -  n  -  -  nmj 


where  My  ■  sup|Y(t,u»)|  . 


Because  of  the  a.s.  sample  equl-contlnuity  of  the  Xj -process  we  choose 
a  6,  >  0  such  that  P([  sup  |X.(t)  -  X,  (s)  I  >  e/2Mj)  -  0  . 

1  i«-*i<»,  '  1  Y 

If  nt(€)  is  such  that  for  n  >  n^e),  ||T7”n||<  6|>  then 

P([  max  max  |X|(t  k  ,)-  X, (t  ,)|  >  e /2m] )  -  0  . 

0 <  j<  N  0  <  k<  k  .  nmj,K  n,J  Y 

— 1  -  n  -  —  nmj 


Observe  that  the  partial  sums 
k 


k-0'  -k, 


1-0 


nmj 


form  a  finite  martingale  sequence  for  every  j  -  0,1,... ,N  ■  Hence 

k  n 

P([  max  max  j)  [Y(t  J-Y(t  .)]A  (X  )  |>  «J) 

0  <  j<  N  0 < k<  k  .  f-L  nmj'k  n'J  mJ'k  1 
—  —  n  -  -  nmj  i-0 


J.0  ,.0 

41  *n»j 


<  i/«2 1  l  «in.„j>k)-  «tn  j)i2|A„Bj,k(Xi>l2)  ■ 

j-0  k-0 


Now  choose  &2(«,»j)  such  that 

sup  |Y(t)-  Y(s)|2  <  € 


|t-s|<62(«,»j) 


edXjOJ-x^o)!*) 


<  i)  a.s. 


Then  choose  n2(e,ij)  such  that  ||7Tnll<  for  •v*rV  n  £ 
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Then 


%  knmj 


,/s2  1  2,  E<lV<t„»j,k)-  Y(tn,j)|2|A™j,k(Xl)|2)  ^  • 

j-0  k-0 

Hence  If  n  >  max  ( n j  ( e, T]) ,  n2(e,T))),  we  have  the  desired  result  for 
all  m  >  n- 

We  can  now  show  (1)  Is  true. 

Assume  m  >  n  and  6  <  ir.in  It  t  .1-  Then 

0<j<Nn  n'->  +  1  "'■> 

(2)  »it  «j  i[  v(t  <x,)|>  }.] 

'* '  ls  IT. 7T.<*> 


<  P([  max  max  |)  Y(t  .  JA  ^  (X. )  |  >  cj)  - 

0<  j  <  N  0<  k  <  k  ,  /-*_  ranJ'i  nmjxl  1 

-  J  —  n  -  -nmj  1-0 


If  n(e,i))  -  max  {.n j  (c, tj) ,  np(c,T)))  is  as  chosen  above,  then  we  can 

fix  n  >  n(t,ij)  and  let  &(e,T))  <  min  |tn  .+j-  ln  j  I  ■  Then  (2)  will 
be  less  than  i)  for  all  m  >  n-  Hence 

t 

Y(tn,j)An,j<Xl>  -»</v(,)dX|(.) 

“  fclt)  0 

is  a-s-  sample  continuous  when  Y  and  X|  are  uniformly  bounded  end 
a-s-  sample  equl-contlnuous-  The  desired  result  now  follows  by 
stopping  Y  and  Xj  according  to  the  stopping  time  defined  in  2-3-3 
and  then  applying  Theorem  2-2.10  and  Lemma  2-4-1- 

With  what  has  already  been  shown,  we  can  easily  obtain  conditions 
under  which  the  process 

2{t)  - J  Y(s)dX(s) 

0 


P  lim 


v  L 


Is  a  quasi -martingale. 


Theorem  3-3 -2. 


Let  (X(t),  F(t);  teT)  and  lY(t),  F ( t) ;  teT)  be  quasi -martingales. 
Let  [X]1  -  X4  and  [Y]^  ■  Yj,  i  ■  1,2,  be  a.s.  sample  continuous. 


Further  assume  Y  is  uniformly  bounded  and  Y(  and  Xj  are  second  order 

martingales.  If  ^ 

Z(t)  ■ J  Y(s)dX(s),  for  every  teT, 

0 


then  the  process  (Z(t),  F ( t)  ;  teT)  is  a  quasi  martingale  with 

1  !  * 

Y(s)dX2(s)  +  J  dY(s)dX(s) 

0  0  0 

and  [Z]^  ■  Z^,  1  ■  1,2,  are  a.s.  sample  continuous. 


tZ] ,  (t)  -  Dy\(s)dX,(s)  [Z]2(t)  -  R  J 


Proof: 

Since  Y  is  uniformly  bounded  and  X(  is  a  second  order  martingale, 
by  Lemma  3*2.b 


0  J  Y(s)dXj  (s) 
0 


lim 

n->  oo 


- \ 

rr„M 


where  the  limit  is  in  quadratic  mean.  So  Z|  being  the  limit  in 
quadratic  mean  of  a  sequence  of  martingales  is  again  a  martingale- 
We  have  further  shown,  in  Theorem  3-3*1  that  Z|  is  a.s.  sample  contin¬ 
uous.  Now  R  J  Y(s)dX2(s)  defines  a  continuous  real  valued  function 
0 

of  bounded  variation  on  T  for  a.e.  u>  when  considered  as  a  function  of 


Its  upper  limit.  Also 
,  t 

/  dY(s)dX(s)  -  P  lim  )  I/2A  (r.)A  .  (X  ) 

J  n->  no  ^  J  '  n,  j  1 


TTni  o 


-  l/8(l(X|+  Y,)2)2(t)  -  UX,-  Y,)2]2(t)) 
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Is  a. s-  sample  continuous  and  of  bounded  variation  on  T 
Y|  are  second  order  martingales.  Therefore  1 ^  has  a.e. 
function  continuous  and  of  bounded  variation  on  T.  The 
now  establ ished ■ 


since  X|  and 
sample 
theorem  is 


We  now  investigate  some  properties  of  the  Integral  which  parallel 
the  Riemann  -  Stleltjes  integral. 


Theorem  3-3-3: 

Let  (X(t),  F ( t) ;  teT)  and  [Y(t),  F ( t) ;  teT]  be  quasi -martingales 
with  [X]1  *  X^^  and  £ Y] ^  -  Y^,  i  ■  1,2,  a.s.  sample  continuous-  Then 

fx( t)dY(t)  +  J  Y (t)dX(t)  -  X ( I ) Y ( 1 )  -  X(0)Y(0)  a-S. 

0  0 


Proof: 

Observe 


A  (XY)  -  A  (X)  A  (Y)  +  A  (Y>  A  (X),  so  that 
n,j  n,j  n,j  n,j  n,j 

)  An  i  (XY)  “  2A  i  An  ■  (V)  ♦  )  A  00  A  (X)  . 
c_i  n,j  c_i  n,j  n, j  l— >  n,j  n,j 

^7*n  Tfn  TTn 


Hence,  taking  probability  limits  on  both  sides  we  have  the  desired 
result. 

One  thing  that  one  would  expect  of  an  integral  is  the  following: 

(X(t),  F ( t) ;  teT}  Is  a  quasi  martingale  and  if  the  function  f  is  such 

that  r  t 

/  f ' (X(s))dX(s)  exists 

0 

/  f'W*..  'X(s)  -  f(X(t))  -  f(X(0))  • 

Jo 


then 


7a. 


For  the  Doob  Integral  this  Is  not  the  case,  as  Is  illustrated  by  an 
example  from  Doob  (1,  p.  kki) •  If  (X(t),  F(t);  teT)  is  such  that 


D  J  [X(t)  -  X(0)]dX(t)  exists,  then 
0  I 

D  J  [X(t)  -X(0)]dX(t)  -  l/2[X(l)  -X(0)]2 
0 


-  1/2  lim 
n— >  oo 


2Xj<X»2 

rr„ 


where  the  limit  is  in  quadratic  mean. 

Let  iX(t),  F ( t) ;  teT)  be  a  quasi  martingale  with  [X]j 

2 

i  »  1,2,  as.  sample  continuous.  Let  f(t)  ■  t  •  Then 

X(l)2-  X{0)2  -  J  2X(t)dX(t) 

0 


or 


f(X(l))  -  f(X(0))  -  J  f'(X(t))dX(t). 

0 

For,  /  2X(t)dX(t)  -  2  P  lim  )  I /2  A  (X)  A  (X) 
Jn  n—>  oo  n'J  n'J 

0  Tfn 


> 


-  P  lim  )  A  (X2)  -  X(l)2  -  X(0)2  . 
n->  oot^  n,J 


This  property  of  the  integral  can  be  generalized  to  the  following 
extent . 


Theorem 

Let  lX(t),  F ( t) ;  teT)  be  a  quasi-martingale  with  [X]^  »  XJ7 
1  ■  1,2,  a.s.  sample  continuous.  If  f  is  a  real  valued  function  of 
a  real  variable  and  has  a  continuous  second  derivative,  then 
f(X(l))  -  f(X(0))  -  [  f ' (X ( s) )dX(s)  . 

Jo 
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Proof: 


We  went  to  show 


- — i 

f (X ( 1 ) )  -  f (X(0) )  -  P  lim  )  5  (f* (X))A  (X) 

— v  —  4-i  n;J 


n->  00 


rrn 


-  P  lim  )  f'(X(t  .))A  .(X)  +  P  lim  )  1/2  A  (f*(X) )Zs  (X) 

n->  co  £  n'J  n'J  n— >  oo  n'J  "'■> 


77, 


K 


■n  — i 

-  P  lim  )  f'(X(t  .))A  (X)  +  P  lim  )  1/2  f"(X(t*  ))[A  - (X) J 1 

n— >  oo  U  n'J  n’J  n->oo  n'J  n'J 


77, 


*  * 

where  t  <  t  .  <  t  ...  and  where  t  depends  on  <i>. 
n,j  “  n,j  -  n,J+l  n,j 


We  can  write 


*  -t 

f(X(0)  -  f(x(0))  -  )  A  (f(X)) 

4_j  n,j 

rr„ 

’I  ♦  I/*  f"(X(t*n*))lAnJ(X)]2] 

7Tn 


*  # 


»  * 


where  again  t  .  <  t  .  <  t  . . , ,  and  where  t  depends  on  o>. 
3  n, j  -  n,j  -  n,j+l  n,j  ^ 

Hence, 

|f(X(l))  -  f(X(0)>  -  ^  \j  f,(X)A„  j(X)| 

77; 

-  i/2|£  n  j»  -f(x<.;j*))H4„jj(«))2i 

n„ 

<l/2  £  irwt;(j»  -  f ■•(*(«;  *)) i i 2 
K 

<  £  ^jwi* 

77n 
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where  e  (to) 
n 


max 

j 


sup 

t  .  <  s,t  <  t  .  .  , 
n,j  -  -  n,  j+l 


f"(X(t))  -  f"(X(s))|. 


Because  of  the  a.s.  uniform  sample  continuity  of  the  X-process  and 
the  continuity  of  the  function  f"(‘)>  (to)  — >  0  a.s.  as  n  — ■>  oo  • 

If  L‘an,j(X)l2  converges  In  probability,  then 

7Tn  n>J 


rr„ 


A  . (f (X) )A  .(X)  will  converge  In  probability  to  f (X(l))-f (X(0)) . 
n/J  n*J 


Now 

Z  [*„,j<*>]2  -i  ♦2a,j<wj<v 

Tf n  fl"n  Tfn 


‘Z^,/«2>|2- 

K 

Because  of  the  a.s.  sample  continuity  of  the  processes  Xj  and  X2  and 
the  a.s.  sample  bounded  variation  of  the  X2~process,  the  second  and 
third  sums  go  to  zero  a.s-  as  n  — >  oo .  We  have  previously  shown 
the  probability  limit  of  the  first  sum  exists.  The  theorem  Is  then 
proved . 

A  natural  question  at  this  point  is  what  additional  assumptions 
on  the  function  f  or  the  quasi -martingale  X  will  insure  the  process 
(f(X(t)),  F(t);  tcT)  is  a  quasi-martingale. 

Assuming  f  and  X  satisfy  the  conditions  of  Theorem  3-}A,  we  have 

f(X(t))  -  f(X(0))  ♦ J  f ' (X(s))dX(s)  . 

0 


We  write 

J  f'(X(s))dX(s) 
0 


P  11m 
n->  oo 


n„M 
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+ 


P  lim 
n->  oo 


•  -"l 

rr„M 


Since  f1  is  continuous  and  X  Is  a.s.  sample  continuous, 


P  11m 
n->  oo 


I  E«Jf' W*nti(*2) 
rrnM 


R J  f'(X(s))dX2(s)  . 
0 


Consider  then 

Z  Sa,j(,'(X»6n,j(Xl)  ■  Z  ,'(X(tn,j»'in,J<Xl) 

rrnM  7T„(t) 

♦I  l/2an,j<f'(X»a„,j<Xl>  • 

rr„(t) 

Assuming  f'  is  bounded  end  continuous,  the  first  sum  converges  In 
quadratic  mean  end  therefore  defines  a  martingale  process.  Last  of 
ell,  consider 

Z  l/2a,,J(',<X»an,J(Xl)-  Z  1/2  rWy.mA^jU,)]2 
rr„<«>  tt„m 

When  X|  Is  an  a.s.  sample  continuous  second  order  martingale,  we 
showed  in  Theorem  2.4.$  that 

t 

P  lim  )  1/2  f M(X(t*  .»[*  .(X.)]2  -  /  f "(X(s))d((s) 

n>J  1  J 

"^”rr„(o  o 

where  (  -  [X|J2,  provided  f"  Is  continuous. 

Then  for  each  t«T, 

f(X(t))  -  (X  (0) )  *oJ  f '  (X(s))dX|  (s)  ♦  R  J  f'(X(s))dX2(s) 

0  0 

♦ f f"(X(s))dfc(s) 

0 
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If  we  let 

[f(X)]|{t)  ■  D /f(X(s))dX1(s)  for  every  teT,  and 
0 

tf(X)]2(t)  -  f(x(0))  +  R J f'(X(s))dX2(s)  +  J f"(X(s))di(s)  for 

0  0 

every  teT,  then  the  process  (f(X(t)),  F ( t) ;  teT)  Is  a  quasi  martingale 
If  the  above  conditions  are  satisfied  and  E(|f(X(t))J)  <  oo  for  every 
tcT.  We  summarize  these  results  Into  the  statement  of  the  next  theorem. 

Theorem  3  •  3 • 5 • 

If  f  is  a  real  valued  function  of  a  real  variable  with  f' 
bounded  and  f"  continuous,  and  if  (X(t),  F(t);  teT)  Is  a  quasi- 
martingale  with  [X)1  •  X^,  1  ■  1,2,  a.s.  sample  continuous  and  Xj 
second  order,  then  (f(X(t)),  F (t) ;  teT)  is  a  quasi -martingale  if 
E(|f(X(t))|)  oo  for  every  teT. 

Further 

lf(x)],(t)  -  D  J f(X(s))dXj(s)  for  every  teT 
0 

lf(X)]2(t)  -  f(X(0))  ♦  R /f(X(s))dX2(s)  ♦  R  J  f"(X(s))dl(s) 

0  0 

2 

for  every  teT,  where  l  ■  [Xj)2  • 

Assume  now  (X(t),  F ( t) ;  tcT)  and  (Y(t),  F(t);  tcT)  are  quasi  - 
martingales  with  [X}{  «  X^  and  [Y]^  ■  Y^,  i  •  1,2,  a.s.  sample 
continuous  Assume  further  Y  Is  uniformly  bounded  and  X|  and  Yj  are 
second  order  martingales. 

If  Z(t)  ■  J  Y(s)dX(s)  for  every  teT,  then  by  Theorem  3-3. *♦, 

0 

we  know  the  process  iZ(t),  F(t);  teT)  Is  again  a  quasi-martingale 
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with  the  following  decomposition 

[Z],(t)  -  Z) (t)  -  0  J Y(s)dX, (s) 

0 

[Z]2(t)  -  Z2(t)  -  R  J  V(s)dX2(s)  +  l/8(t(t)  -  F(t) ) 
o 

where  l  -  [(X,+  Y,)2J2,  T  -  [(X,-  Y,)2]2  . 

Let  f  be  a  real  valued  function  of  a  real  variable  with  f' 
bounded  and  f"  bounded  and  continuous.  Then  since  Zj  Is  a  second 
order  martingale  and  Z^ ,  1  ■  1,2,  are  a.s.  sample  continuous,  by 
Theorem  3 -3 *4 

f (Z(t))  -  f (Z{0) )  +  J  f ' (Z(s))dZ(s)  for  every  tsT. 

0 


We  wish  to  show  that 

f(Z(l))  -  f (2(0))  -  J  f '  (Z(s))dZ(s)  - J f’(Z(s))Y(s)dX(s) 
0  0 


or  symbolically,  dZ  •  YdX- 

We  now  write,  assuming  the  existence  of  the  limit, 


J  f'(Z(s))Y(s)dX(s) 
0 


P  11m 
n->  co 


)  *  :(f*U)Y)A  j  (X)  • 

c_i  n,  j  n,j 

TTn 


Consider 


2. 

rr„ 


K  (f'(Z)Y)A  (X) 

n,j  n,j 


i 

l 

ITn 


A  . (f'(Z)Y)A  .(X,) 

n,j '  '  n,j  V 


-i  1 

♦>  f’U(t  - ) ) V ( t  )A  (X.)  +  )  1/2  A  (f  *(Z)Y)A  (X  )  . 
I— i  n,  j  n,j  n,j  l  c_»  n,j  n,j  i 

^n  ^*n 


The  third  term  can  be  rewritten  as  follows: 


2>A„(j(fU  )«Vj  (*,)  ■  2^  l/2Y(tn,j*1)\j(f'(Z»\j(Xl> 

7 T„ 

TT„ 

~“n 

*  l'/2V<tn,j»in,j'f'<Z»i„,j<Xl> 

1 r„ 

- I 

*  L,Z2,'<Z<‘n,i»An,j<''>\j<Xl>  • 

?r„ 


We  will  show  that 


1)  P  lim  >  f’(Z(t  :))Y(t  -)A  (X.) 

n-O  oo  ^  n,J  n,J  n'J  1 

Jfn 


-  ~i 

-Vi"  Z,'<Z<Vj»Vi<Zl> 


n->  oo 


2)  M?.  'i  +  £,/2  f,(Z(tn,j))An,j(Y)An,j(X»^ 


tfn 


TTn 


-i  1 

P  lim  )  A  <f’(Z))A  (Z  )  -  R  /  f'(Z(t))dZ  (t) 
n->  oo  ,J  n,J  J  1 


TTn 


3)  P  lim  )l/2A  (f(2))Y(t  .)A  (X) 

n->  oo  L-‘  n,J  n’J  n,J  ' 


7fn 


and  flna I 1y 


4)  P  lim  )j/2A  ,(f'(Z))A  ,(V)An  .(X.)  -  0  . 

n->  oo  n,‘*  n>-*  n>-* 

TT n 

To  show  1)  is  true,  consider 

^n  ^n 


TT„ 

s  *?•  E<2,‘v<Vj>a„,ji*i)-a„,j<2,>i2) 
TT„ 

where  Mf,  -  sup  j  f  (Z(t,o>))  |  . 

E<I2I<'>  -  1  'f<t„,j>a„,J<«.)|2) 

7T„ 

-e(iL  \j(Ei>  -2Jy(tn,j>4n,j<,1>i2> 

^n  ffn 

-E<i2>„,j<E.>  •Y<vj)a„,J<*.)ii2> 

rr„ 

■uLKW  -,<vj>vi<Vi2>-*° 

Hn 


and  !)  is  now  proved. 


8u . 


To  prove  2)  we  first  observe  that 


P  Mm  /  1/2  f'(Z(t  ))A  (Y)A  (X.) 
n->  oo  ^  n'J  n'J  n'J  ' 


P  Mm  )  1/2  f'(Z(t  ))A  (Y  )A  (X  )  . 
n— >  co  Zr-  n’j  n’J  '  n'J  ' 


Then  we  can  wri  te 


R  /  f'(Z(t))dZ2(t)  -  R  /  f  1  (Z(t) )d(R  /  Y(s)dX2(s)  +  l/8(6(t)-  £ ( t) ) ) 


-  R  /  f'  (2(t))Y(t)dX2(t)  +  1/8  R  /  f  '(Z(t))dU(t)-  F(t))  . 


,  I 

But  1/8  R  J  f ’ (Z(t))d(£ (t) -  T(t)) 


P  Mm  >  1/2  f’(Z(t  ))A  (Y  )A  (X  ) 
n->oat=i  n,J  "'J  '  "'J  ' 


R  f f'(Z(t))Y (t)dX„(t)  -  P  llm  >  A  (f(Z)Y)A  (X  ) 
J  2  n->  oo.^  n’J  n’J  2 


Hence  2)  Is  proved- 

Recall  f"  is  bounded  and  Y  Is  uniformly  bounded.  Now  to  prove 
3)  consider. 


P  lim  >  1/2  A  (f'(Z))Y(t  ,)A  -  (X, ) 

n—  >od  -  n,J  n,J  n,J 


-  P  lim  )  1/2  f"(Z(t*  -))A  .  (Z)Y(t  )A  (X  ) 

_ _  i— i  n,j  n,j  n,j  n,j  i 


n->  oo 


-  P  lim  >  1/2  f"(Z(t*  -))A  (Z.)Y(t  )A  (X  ) 

n_^  op  <-j  n,j  n,j  I  n,j  n,j  I 


Now 


'oh 


:(|  )  1/2  f"(2(t*  ))A  (Z.)Y(t  . )A  .(X.) 

'  L>  n,j"  II, j  I'  n,j'  n,j  I' 


TTn 


2 1  2. 


1/2  f"(Z(tn  ))[  Z. (t  )]‘|‘> 
n,j  I  n,  j 


TTn 


Vn 


l^1An,J(Z.)-V(Vj)An,J(Xl)l2‘'/2) 

TT„ 


<  e'/2(  ,  [1/2  f"(Z(t*  ))A  -  (Z,)j2) 

• - 1  »■  t  J  11  tj  1 


TTn 


E,/2(  >  [A  (Z.)-  Y(t  . )A  (X.)]2). 
L,  n,j  r  n,  j  n,  j  1 

rr„ 


<  l/2Hf„El/2(ZjlAn  j(Z^2)  Y(.n  j)An  j(X,)]2) 

rrn  K 


.  l/Z«f„El/2(|Z1(l)-  z,(0)|2)  »(«„  .)An  j(X,))2) 


K 


where  Mf„  -  sup  |f"(Z(t))|- 
t-.OJ 


In  proving  1)  we  showed  the  term  on  the  right  goes  to  zero  as 
n  — >  oo-  Hence  j)  is  proved. 
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To  show  4)  we  observe 

P  lim  )  1/2  A  (f ' (Z))^  (Y)A  (X  ) 
n— >  co  n,J  n,J  n'J  ' 

TTn 

-  P  lim  )  1/2A  (f'(Z))A  (Y  )A  (X  ) 

n— >  oo  ^  n,J  n’J  '  n,J  ' 

TTn 

-P  ll»  1/2 1  f(««„,j+l))*,j(V|)\J  <*,) 

-  P  lim  1/2  )  f'(Z(t  . ) )A  (Y  )A  (X.) 

n— ^  oo  U  n’J  n,J  1  n'J  1 

/Tn 

,1  ,1 

-  1/8  J  f'(Z(t))dU(t)-  F(t) )  -  1/8  J  f 1  (Z(t))d(|  (t)  -  F(t))  -  o. 
0  0 

We  can  now  prove  the  following  theorem. 


Theorem  3-3- o. 

Let  U(t),  F(t);  t«T)  and  lY(t),  F(t);  teT)  be  quasi-martingales 
with  [XJ 1  «  X1  and  l Y]A  ■  Y^,  i  ■  1,2,  as.  sample  continuous.  Let 


f  be  a  real  valued  function  of  a  real  variable  with  continuous 


second  derivative.  If 
t 


Z(t) 


I 


Y(s)dX(s)  for  every  teT, 


then 


f  (Z(l ))  -  f(Z(0))  -  j'  f-(Z(t))Y(t)dX(t) 


Proof: 

Let  v  ■  1,2,....  Let  tv(u>)  be  the  first  t  such  that 


ay. 


sup  |Z(s,o>)|  >  v  or  sup  |X(s,u))|>  v  or  sup|Y(s,o>)|  >  v. 
s<t  s  t  s  <  t 


If  no  such  t  exists,  let  Ty(u))  =  1. 

Since  X,  Y  and  Z  are  all  a.s.  sample  continuous 


P([Z(t)  ^  Zy(t)  or  Y (t)  4  Yv ( t)  or  X(t)  +  Xv (t)  for  some  teT])  — >  0 


as  v  — >  cd  . 

Clearly,  Ty  is  a  stopping  time  for  each  of  the  processes  X,  Y, 
and  Z.  Let  Xv,  Yy  and  Zy  be  the  processes  X,  Y,  and  Z  stopped  at  t  . 
Then  for  every  v  ■  1,2,...,  Xy,  Yy,  and  Zy  are  uniformly  bounded  by 
v  and  arc  a.s.  sample  continuous. 

We  first  show,  for  every  teT 

M‘>  ■  -  «>  1  • 

o  "  ®  tt„m 

*  f  ^ 

Let  ly  (t)  -  /  Yy(s)dXv(s).  For  each  teT,  we  can  find  a  subsequence 

0 

of  partitions  mi  (t) ;  k  >  1 )  such  that 


and 


Z*(t)  -  Hm 
k— >  co 

Z(t)  -  Hm 
k->  co 


Z  5k,j 

77’(t) 


7T'(t) 


k,j 


(Y  )A,  (X  )  a.s. 
'  v'  k,j  v' 

(X)Akj(X)  a.s. 


If  t  <  tv(«u),  then 

z>> 

11  °°7T't  t) 

k 


=  I  i;n 

k— >  oo 


L  ' 

^(t> 


k,j 


(Y)Ak  .(X) 


Z(t) 


Z  (t) 
v'  ' 


If  t  >  t,  (u>)  ,  then 


■  lim 

k->  oo 


1  sk,j(Y)\j(x) 


Trk(T,(»)) 


Vi”o„  Ak,j(xvW)'X>  ■  z<'v<“»  •  KM- 


‘'"“fcl?®  ^ <*» «> <v)ak,jH w) (x)  ‘  °-  2v(t>  ’  2v(,) 


a.s.  for  every  t€T,  so  that 


Zv(t) 


P  Hm 
n->  co 


£  Vj'Wj'V  • 

TT„M 


Actually,  one  can  take 

P(lZ*(t)  -  Zy(t);  t€T,  v  -  1,2,...])  -  1, 

for  we  yet  equality  on  an  everywhere  dense  subset  with  probability 
e 

one,  and  since  Zy  and  Zy  are  a-s  sample  continuous  they  must  be 

equal  for  every  tcT  with  probability  one 

Since  for  each  v  ■  1,2,..,  Zy  Is  uniformly  bounded  and  f,  f’ 

and  f"  are  continuous,  f(Zy),  f'(Zy)  and  f"(Zy)  are  uniformly  bounded 

But  then  ^ 

f(Zy(l))  -  f(Zy(0))  -  J  f'(Zv(t))Yv(t)dXv(t). 

0 

For  a.e.  u>,  there  exists  v(<*>)  such  that  Ty(u>)  ■  I  for  all  v  >  v(u>), 
and  hence 

1 

f (Z( I ) )  f (2(0) )  -  J  f ' (Z(t))Y(t)dX(t) 

0 


a.s. 


The  theorem  is  now  proved. 


Further  properties  of  the  Integral  need  to  be  Investigated 
extensively.  Some  of  the  theorems  can  be  generalized  somewhat,  but 
in  an  obvious  way. 

Some  of  the  more  pertinent  questions  which  have  not  been  looked 
into  to  any  great  extent  are  the  following: 

i)  Can  the  decomposition  Theorem  2.3-5  be  extended  to  processes 

(X(t),  F(t);  teTJ  having  a.e.  sample  function  right  (or  left) 

continuous?  Here  it  is  felt  that  condition  i)  of  Theorem  23-5 

may  have  to  be  replaced  by  the  condition  of  uniform  integrability 

of  the  sequence  of  stopping  tii.es  (. xv (co) ;  v  >  1),  where  Ty(<“) 

is  the  first  t  such  that  sup  |X(s,o>)|  >  v  .  And  if  no  such 

s  <  t 

t  exists  rv(u>)  -  I  • 

11)  What  functions  f  of  a  quasi -martingale  (X(t),  F(t)  ;  teT)  will 
again  be  a  quasi -martingale?  In  terms  of  boundedness  and 
differentiability  conditions  on  f  it  is  felt  that  in  general 
f(X)  need  not  be  a  quasi -martingale  if  f  does  not  have  a  second 
derivative.  If  one  investigated  f(Z),  where  f  is  the  integral 
of  the  Wierstrass  function  and  Z  is  the  Brownian  motion  process, 
one  should  get  sane  indication  of  whether  the  second  derivative 
of  tne  function  f  is  necessary.  Oie  could  also  look  for  other 
conditions  on  f,  such  as  convexity 

ill)  What  processes  are  integrable  with  respect  to  a  quasi -mar tl nga le? 
Theorem  indicates  that  the  in'igrand  may  r.ot  rave  to  be  a 


qua  s  i  -rr.a  r  t  i  r.  ga  e  . 


J'  ■ 


I  v)  Ooob  (I,  pp.  2 / 3  - 2  J I )  has  yiven  solutions  of  the  diffusion 

equations  on  the  real  line.  With  the  definition  of  a  stochastic 
inteyral  given  In  this  thesis,  can  the  diffusion  equations  be 
solved  on  a  sufficiently  differentiable  manifold,  possible  a 
twice  differentiable  manifold?  It  seems  entirely  possible  this 
is  the  case  and  should  be  possible  with  relative  ease. 
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